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ABSTRACT This study investigates the relationship between the equatorial atmospheric angular momentum oscillation in the non-rotating frame and lunar tidal potential. Between 2 and 30 days, the
corresponding equatorial component is mostly constituted of prograde circular motions, especially of a
harmonic at 13.6 days, and of a weekly broad band variation. A simple equilibrium tide model explains
the 13.6-day pressure term as result of the O1 lunar tide; the tidal lunar origin of the whole band from 2
to 30 days is attested by specific features, not occurring for seasonal band dominated by the solar thermal
effect.

1. INTRODUCTION
The Equatorial Atmospheric Angular Momentum (EAM) displays prominent quasi-diurnal clockwise
variations at 24 h (S1 ), 24.07 h (P1 ) and 23.93 h (K1 ), commonly interpreted as the effect of diurnal solar
thermal heating (24 h) subject to a yearly amplitude modulation (Bizouard et al., 1998). It also presents
a minor but sharp 25.82-hour peak (Brzeziński et al., 2002) evasively attributed to the O1 lunar tesseral
tide, considering the absence of thermal processes at this frequency. This paper deepens the insight into
this signal by an analysis of equatorial AAM variations from 2 to 30 days in the non-rotating frame.

2. BASIC DEFINITIONS
Let Hi be the Cartesian components of the Atmospheric Angular Momentum vector in the Terrestrial
Reference Frame (TRF), C = 8.0370 1037 kg m2 the mean axial moment of inertia, A = 8.0101 1037 kg m2
the mean equatorial moment of inertia, Ω = 2π 1.002738 rad/day the mean stellar angular frequency. At
sub-secular time scales, polar motion (and by extension nutation) are commonly investigated by the linear
Liouville equations, where the equatorial excitation of any surface fluid layer maps into a non-dimensional
terrestrial quantity χ = χ1 + iχ2 of the angular momentum of this layer with χ1 = H1 /((C − A)Ω),
χ2 = H2 /((C − A)Ω). The χi are called Equatorial Angular Momentum Functions (EAMF) and are
composed of two terms: i) the first, produced by the rotation of the air mass distribution, can be
computed from surface pressure data, and is usually called pressure term; ii) the second, caused by the
winds, is proportional to the relative angular momentum of the atmosphere, and might be denoted as
wind term (Barnes et al., 1983). Note that, in order to account for Earth’s non-rigidity in the Liouville
equations, the AMF have to be multiplied by appropriate coefficients close to 1, yielding the so-called
Effective EAMF. Brzeziński (1994) introduced the concept of Celestial Equatorial Angular Momentum
(CEAM) defined by
χ0 = −χeiθ(t) ,
(1)
where θ(t) = θ(T AI0 ) + Ω(T AI − T AI0 ) is the uniformly varying rotation angle with TAI0 being a
conventionally chosen instant of TAI (IERS Conventions, 2010). Whereas the diurnal band is squeezed
in a frequency band around 24 h in the TRF, the corresponding periodicities of the CEAM stretch
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Figure 1: Amplitude spectrum of the wind term of the Celestial Angular Momentum over the period
1949-2012. Data source: NCEP/NCAR.
from 2 days to several years with respect to the non-rotating reference frame: any diurnal component of
frequency σ = −Ω + σ 0 with σ 0 ¿ Ω is mapped to a long periodic celestial component of frequency σ 0 .

3. ANALYSIS OF THE CEAM
Using 6-hourly EAMF estimates from the reanalysis model of NCEP/NCAR (National Center for
Environmental Prediction / National Center of Atmospheric Research) over the period 1949−2013, as
provided by the Global Geophysical Fluids Center of the IERS (SBA, 2014), we computed the associated
CEAM according to (1) for both pressure and wind terms. Prior to demodulation, we removed the long
term components (periods larger than 2 days) of the AAM. After application of (1), a low band pass filter
was used to eliminate residual diurnal/sub-diurnal signal content and to obtain the celestial excitation
limited to periods larger than 2 days, corresponding to the precession-nutation frequency band.
The complex Fourier spectrum of the obtained wind term of CEAM is displayed in Fig. 1 (pressure
term presents the same spectral peaks with lower amplitude). Casting aside the peaks with periods above
100 days widely characterised by numerous studies, we focus on the rapid band of the CEAM between
2 days and 30 days, of which the spectral zoom clearly unveils a harmonic at +13.6 days (25.8 h in the
TRF) and a broad band peak around +7 days (28 h in the TRF).
After applying an appropriate high band pass filter, this band is isolated in time domain and shown
over 130 days (from MJD 50000 to MJD 50130) in Fig. 2 for both wind terms in X and Y components
as well as the full Non Inverted Barometer (NIB) pressure terms. It is remarkable that, for X and Y
coordinates, wind and pressure terms are evidently proportional. Throughout the period 1949−2014
correlations amount to 0.57 for both X components and Y components and linear regression gives χ0w ∼
2.1χ0p . The detected proportionality appears to be a feature of the short term CEAM from 2 days to 1
month; it does not extend to the complementary spectral bands, ranging from 1 month to several years,
where correlations between pressure and wind terms drop to 0.1. Another striking feature distinguishing
the 2−30 day band from other parts of the spectrum is the fact that contributions of Northern and
Southern hemisphere to the wind terms have synchronous variations, as evidenced by Fig. 2.
The torque that the atmosphere exerts on the solid Earth is composed of the bulge torque ~Γb acting
on the equatorial bulge because of pressure and gravitational forces, and of a local torque ~Γl caused by
pressure on the local topography as well as the friction drag on Earth’s surface. In the non-rotating frame
0
we have the following complex quantities: Hw/p
for the equatorial wind/pressure term, Γ0l for the local
torque, Γ0b for the bulge torque, Γ0ext for the external gravitational torque on the atmosphere. As shown
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Figure 2: Left panel: contributions of the Southern Hemisphere (SH) and Northern Hemisphere (NH) to
the wind term in χ0X (bottom) and χ0Y (top) for the 2−30 day band. Right panel: components X and Y
of the Celestial Atmospheric Angular Momentum for wind term χw and NIB pressure term χp multiplied
by 2.1 (linear regression coefficient from 1949 to 2014) computed from CEAM series after eliminating
long term periods above 1 month. Time series over 130 days commencing at MJD 50000 (10/10, 1995).
in (Bizouard et al., 2014), law of the angular momentum allows to established in frequency domain that
1−

σ0
−Γ̂0l + Γ̂0ext
σ 0 Ĥw0
=
,
−
Ω
Ω Ĥp0
Γ̂0b

(2)

where the sign “ ˆ ” corresponds to the Fourier transform. If the residual torque −Γ̂0l + Γ̂0ext is much
smaller than the bulge torque Γ0b then
Ω − σ0 0
Ĥw0 ≈
Ĥp .
(3)
σ0
For positive angular frequencies σ 0 of the filtered CEAM, with periods from 2 days to 1 month, we have
1/30 Ω ≤ σ 0 ≤ 1/2 Ω (the retrograde part of the spectrum is much smaller); so, according to (3) pressure
and wind terms become almost proportional. This is in contrast with the seasonal band (S1 in the TRF)
where the smallness of the local torque with respect to the bulge torque is not satisfied (Marcus et al.,
2004). Considering for the lunar tidal band a typical magnitude of |χ0p | ∼ 0.2 mas (see fit of section 4),
the bulge torque magnitude, given by |Γ0b | = Ω2 (C − A)|χ0p | (Marcus et al., 2004), amounts to ∼ 1.5 1018
Nm. According to (Bizouard and Lambert, 2001), the diurnal external torque Γ0ext is at most ∼ 1017
Nm, which is at least 10 times smaller than the equatorial bulge torque Ω|Hp0 |. Hence, as far as the local
torque does not exceed the order of magnitude of the external torque, the above condition holds.

4. TIDAL ORIGIN OF THE 13.6-DAY TERM AND QUASI-WEEKLY BAND
The most natural hypothesis for the origin of the 13.66 day peak is the diurnal tidal wave O1 determined by the Delaunay argument 2(F + Ω) in the non-rotating frame, with F = ω + l being the sum of
the perigee argument ω and the mean anomaly l, and Ω being the longitude of the ascending node of the
Moon on the ecliptic plane. As expected from tidal theory, the main peak is accompanied by a side-lobe
at 13.63 days having the argument 2F + Ω. These two components differ by the frequency Ω of the displacement of the ascending node of the Moon, that is 1/18.6 cpy (cycles/year). The fact that we observe
both of these peaks in CEAM substantiates the tesseral lunar influence on CEAM, in particular on the
wind component. The celestial oscillations of arguments Φ1 = 2F + 2Ω (13.66 days) and Φ2 = 2F + Ω
2
X
(13.63 days) are fitted by a least-squares method to the model χ0 =
(mjc + imjs )ei(φj +π/2) . For the
j=1

period 1949−2013 we obtain
i(φ1 +π/2)
χ0IB
+ (0.02 − i0.00) ei(φ2 +π/2)
p [mas] = (0.05 − i0.02) e
IB
χ0N
[mas] = (0.17 − i0.06) ei(φ1 +π/2) + (0.06 − i0.01) ei(φ2 +π/2)
p

χ0w [mas]

= (0.73 − i0.04) e

i(φ1 +π/2)
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+ (0.23 − i0.01) e

i(φ2 +π/2)

(4)

The ms terms are small relatively to mc , except for the IB term. Disregarding the IB solution, the
harmonic coefficients are therefore almost in phase with the tidal wave of argument φi +π/2, confirming the
proportionality of wind and pressure terms at this period and supporting their common tidal gravitational
IB
cause. The ratio χ0w /χ0N
= Hw0 /Hp0 ∼ 4 for both tidal frequencies does not match the numerical value
p
of the condition (3), namely Hw0 /Hp0 = 13.6 − 1 ∼ 13. On the other hand the ratio χ0w /χ0IB
≈ 14 much
p
better fits the expected ratio of 12.6, as if the effective pressure term around the O1 frequency was the
one restricted to continents and a static IB ocean. This is quite peculiar, since an IB response of the
oceans is generally observed above 10 days but not at diurnal periods in the TRF.
The mere consideration that the tidal O1 oscillation is at equilibrium accounts for both the amplitude
and the phase of the NIB pressure term (Bizouard et al., 2014). If the hydrostatic assumption is true
for surface pressure, tidal winds do not blow at Earth’s surface, but at high altitudes. As tidal lunar
variation of the horizontal wind have never been indeed reported in the low troposphere, tidal winds do
not produce any notable friction torque. On the other hand, a tesseral tidal pressure field exerts a torque
on the bulge but cannot contribute to the topographic torque, which results from spherical harmonics
of degree higher than 3 (Bizouard, 2014). Thus the tidal atmospheric circulation does not contribute
significantly to the local torque, in accordance with condition (3), and it accounts for the proportionality
of χ0w and χ0p .
The broad band peak between 5 and 8 days is much more powerful than the thin peaks around
13.6 days, showing episodes with an amplitude of 10 mas. Some studies like (Brzeziński et al., 2002)
attribute this weekly signal to the retrograde Rossby-Haurwitz atmospheric normal mode Ψ11 , having in
the TRF the geometry of a spherical harmonic cos(φ)eiλ (φ is the latitude, λ is the longitude) propagating
to the west. In the non-rotating frame, this resonant mode propagates from the west to the east as the
Moon, and with an averaged period of ∼ 7 days it could be amplified at planetary scale by the minor
lunar tides around 7.09 days at least 100 times smaller than O1 . Moreover, at quasi-weekly periods
IB
(σ 0 /Ω ≈ 1/7) the ratio χ0w /χ0N
≈ 5.8 fits the condition (3) reading Hw0 /Hp0 ≈ 7 − 1 = 6, and is thus
p
valid for the full pressure term in contrast to what is observed at 13.6 days.

5. CONCLUSION
Our quintessential conclusion is as follows: from 2 to 30 days in the CRF (24.8 h to 48 h in the TRF)
the retrograde equatorial atmospheric angular momentum variations are triggered by the Moon. In order
to observe a possible effect on nutation, improvements of the VLBI/GNSS data processing as well as
optimized observation schedules are required.
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Brzeziński, A., 1994, “Polar motion excitation by variations of the effective angular momentum function,
II: Extended model”, Manuscripta Geodaetica, 19, 157–171.
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