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Introduction

Knowing the light travel time tB − tA between xA and xB as a “reception time
transfer function”

tB − tA = Tr (xA, tB , xB)

is crucial in tests of GR aiming to determine the post-Newtonian parameter γ
(time/frequency transfers, deflection of light).

Many projects designed to measure γ at the level 10−7 − 10−8 (ODYSSEY,
SAGAS, ASTROD, GAME, ...)

The best current value for γ is due to the CASSINI Mission (Bertotti et al
2003):

γ − 1 = (2.1± 2.3)× 10−5

See also data from INPOP13a (Verma et al 2013).
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Introduction

For determining Tr , it is currently assumed

weak field:

gµν(x ,G ) = ηµν +
∞∑

n=1

g (n)
µν ,

g (n)
µν = G nh(n)

µν (x)

light rays are quasi-Minkowskian null geodesics:

=⇒ Tr (xA, tB , xB) =
|xB − xA|

c
+
∞∑

n=1

T (n)
r (xA, tB , xB)
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Journées Systèmes de Référence 2013, 16-18 September 2013, Paris 2

/ 13



Introduction

For determining Tr , it is currently assumed

weak field:

gµν(x ,G ) = ηµν +
∞∑

n=1

g (n)
µν , g (n)

µν = G nh(n)
µν (x)

light rays are quasi-Minkowskian null geodesics:

=⇒ Tr (xA, tB , xB) =
|xB − xA|

c
+
∞∑

n=1

T (n)
r (xA, tB , xB)
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Introduction

Contributions due to the non-sphericity or/and the motions of bodies
largely studied at order G (Richter & Matzner 1983, Kopeikin & Schäfer
1999, Klioner 2003, Crosta 2011).

However, higher order terms are needed for the mass monopole
contributions ( i.e. the static, spherically symmetric (s.s.s.) parts) (Ashby
& Bertotti 2010, Minazzoli & Chauvineau 2011 and refs therein).Then

Tr (xA, tB , xB) = T (xA, xB)

Until recently, T (xA, xB) was known for s.s.s. metrics only up to order G 2.

Integration of geodesic eqs. (Richter & Matzner 1983, Brumberg 1987,
Klioner & Zschocke 2010)

World function (John 1975, Le Poncin et al 2004) or iterative solution of
an eikonal eq. (Teyssandier & Le Poncin 2008).
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Introduction

We have proposed a new procedure for determining T at any order G n in static,
spherically symmetric spacetimes (Linet & T 2013):

solution of an integro-differential equation derived from the null geodesic
eqs

T (3) is fully explicited

the enhanced term of order G 3 found in Ashby & Bertotti 2010 is
confirmed.

The aim of this talk:
to show that the enhanced term in T (3) must be taken into account for
modeling the determination of γ at the level 10−8 in solar system experiments.
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P. Teyssandier (∗SYRTE/CNRS-UMR 8630,Observatoire de Paris #LMPT/CNRS-UMR 6083, Université François Rabelais, Tours )Enhanced term of order G3 in the time transfer function: discussion for solar system experiments
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Journées Systèmes de Référence 2013, 16-18 September 2013, Paris 4

/ 13



Introduction

We have proposed a new procedure for determining T at any order G n in static,
spherically symmetric spacetimes (Linet & T 2013):

solution of an integro-differential equation derived from the null geodesic
eqs

T (3) is fully explicited

the enhanced term of order G 3 found in Ashby & Bertotti 2010 is
confirmed.

The aim of this talk:
to show that the enhanced term in T (3) must be taken into account for
modeling the determination of γ at the level 10−8 in solar system experiments.
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Expression of T up to G 3

Metric ouside a central body of mass M (m = GM/c2):

ds2 = A(r)(dx0)2 − B(r)−1 δij dx i dx j ,

where

A(r) = 1− 2m

r
+ 2β

m2

r 2
− 3

2
β3

m3

r 3
+ β4

m4

r 4
+
∞∑

n=5

(−1)nn

2n−2
βn

mn

r n

and

B(r)−1 = 1 + 2γ
m

r
+

3

2
ε

m2

r 2
+

1

2
γ3

m3

r 3
+

1

16
γ4

m4

r 4
+
∞∑

n=5

(γn − 1)
mn

r n
.

In GR:

β = β3 = β4 = β5 = · · · = 1, γ = ε = γ3 = γ4 = γ5 = · · · = 1.
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Expression of T up to order G 3

For n = 1, 2, 3:

T (1)(xA, xB) =
(1 + γ)m

c
ln

(
rA + rB + |xB − xA|
rA + rB − |xB − xA|

)
, (Shapiro 1964)

T (2)(xA, xB) =
m2

rArB

|xB − xA|
c

[
κ

arccosnA.nB

|nA × nB |
− (1 + γ)2

1 + nA.nB

]
, (Le Poncin et al 2004)

T (3)(xA, xB) =
m3

rArB

(
1

rA

+
1

rB

)
|xB − xA|

c(1 + nA.nB)

[
κ3 − (1 + γ)κ

arccosnA.nB

|nA × nB |

+
(1 + γ)3

1 + nA.nB

]
, (Linet & T. 2013)

where
nA =

xA

rA

, nB =
xB

rB

and

κ = 2(1 + γ)− β +
3

4
ε, κ3 = 2κ− 2β(1 + γ) +

1

4
(3β3 + γ3)
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Expression of T up to order G 3

For n = 1, 2, 3:
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c
ln

(
rA + rB + |xB − xA|
rA + rB − |xB − xA|

)
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‘Enhanced’ terms up to order G 3

Case where xA and xB are in almost opposite directions (i.e. nA.nB ∼ −1)

O
A

B

nA

nB

NAB

oo

oo

oo

PAB

1

1 + nA.nB

∼ 2rAr 2
B

(rA + rB)2

rArB

r 2
c

, where rc =
rArB |nA × nB |
|xB − xA|

=⇒ 1

1 + nA.nB

large
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‘Enhanced’ terms up to order G 3

Asymptotic expressions of the T (n) in a conjunction −→ enhanced terms:

T (1)
enh (xA, xB) ∼ (1 + γ)m

c
ln

(
4rArB

r 2
c

)
,

T (2)
enh (xA, xB) ∼ −2

(1 + γ)2m2

c(rA + rB)

rArB

r 2
c

,

T (3)
enh (xA, xB) ∼ 4

(1 + γ)3m3

c(rA + rB)2

(
rArB

r 2
c

)2

.

(cf. Ashby & Bertotti 2010)
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‘Enhanced’ terms up to order G 3

These expressions are reliable for n = 1, 2, 3 for configurations such that∣∣∣T (n)(xA, xB)
∣∣∣� ∣∣∣T (n−1)(xA, xB)

∣∣∣ , with T (0)(xA, xB) =
1

c
|xB − xA|

These conditions are satisfied if

2m

rA + rB

rArB

r 2
c

� 1 (C)

Condition (C) is met in the solar system. For rB = 1 au and rA ≥ rB , one has

2m�
rA + rB

rArB

r 2
c

≤ 9.12× 10−4 ×
R2
�

r 2
c

.

=⇒ Our results may be applied to the solar system experiments.
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Application to solar system experiments

1. Determination of γ in a SAGAS-like scenario: rA ≈ 50 au, rB ≈ 1 au

Shapiro’s formula =⇒ ∆T ≈ 1

2
∆γ T (1)

R� < rc < 5R� =⇒ 158 µas > T (1)
enh > 126 µas

⇓

γ at the level 10−8 ⇐⇒ T at the level 0.7ps
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Application to solar system experiments

Conclusion: T (3)
enh must be taken into account for rays grazing the Sun

rc/R� |T (1)
S | T (1)

J2
T (2)

enh T (2)
κ T (3)

enh

1 10 2 −17616 123 31.5
2 5 0.5 −4404 61.5 2
5 2 0.08 −704.6 24.6 0.05

Moreover, this table shows that T (3)
enh can be greater than

the 1rst-order gravitomagnetic effect:
∣∣∣T (1)

S

∣∣∣ ∼ 2(1+γ)GS�
c4rc

,

with S� ≈ 2× 1041 kg m2 s−1 (Komm et al 2003);

the 1rst-order mass quadupole effect: T (1)
J2
∼ (1+γ)m�

c J2�
R2
�

r 2
c

,

with J2� ≈ 2× 10−7.
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Application to solar system experiments

2. Deflection of light in a LATOR-like experiment: rA ≈ rB ≈ 1 au

For a ray passing near the Sun

∆χ(3) ∼
∣∣∣∣(̂l(3)

B

)
enh

−
(̂
l
(3)

A

)
enh

∣∣∣∣ ∼ 16(1 + γ)3m3

r 3
c

rArB

(rA + rB)2

rArB

r 2
c

For rc = R�,
∆χ(3) ≈ 3µas

3. Deflection of light coming from infinity, with rB ≈ 1 au (GAME,
e.g.)

∆χ(3) ∼ 16(1 + γ)3m3

r 3
c

(
rB

rc

)2

For rB ≈ 1 au and rc = R�,

∆χ(3) ≈ 12µas (see Hees et al in this meeting)
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