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We develop the method to construct the reference system of a local
observer within the linear approximation on space-time curvature. 
Transformation to optical or Fermi coordinates is based on the
solutions of the isotropic or space-like geodesic equation and
parallel transport equation. The main advantage of the optical
coordinates lies in their direct link with observable positions of
distant objects on the celestial sphere. We also applied this method
to construct the optical and Fermi coordinates for the case of
accelerated and rotating observer in gravitational field induced by
moving bodies of the Solar system. The transformation formulae
from initial coordinates to new ones were obtained and the metric
tensors in optical and Fermi frames were found in the cubic
approximation on the observers velocity. 



• Optical coordinates (OC) are the most appropriate for 
comparison with observational positions of objects on 
celestial sphere 

• Can be easily constructed using the grav. lensing theory 
• IAU recommendations: recommendations  about reference 

frames, based on harmonic coordinates (HC)
• We develop here the exponential mapping to find the 

transformation formula HC=>OC (and HC=>FC Fermi 
coordinates), and to find a metric tensor in these 
coordinates 

• Based on: local observer conception (based on geodesics 
and parallel transport equation - > Synge G. General 
relativity; Пирагас К., Жданов В., Александров А., Кудря
Ю., Пирагас Л. Качественные и аналитические методы 
в релятивистской динамике., гл.3, MTW Gravity)

• Quite close to the “"observation coordinates“ by 
R.Maartens
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хµ
с(τ) - observer’s worldline (farther origin)=reference curve, τ is his 
proper time;

хµ(τ,s) – geodesics line from origin to a source with natural parameter s
(хµ(τ,0)=хµ

с(τ) ), and
vα - tangent vector of this geodesics;
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λµ
(α) – set of reference vectors of 
the initial reference system 
(vector number is in brackets)

Then Riemannian normal 
coordinates (RNC), adopted to 
the reference set are: уµ=vµs.

еα
(β) (τ) – reference vectors set of 
the observer (parallel 
transported with him), zeroth

one coincides with the 
observer’s velocity:
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Riemann normal coordinates, Fermi reference system
and the geodesic deviation equation



Reference sets of observer and HC are connected with each 

other via Lorentz transformation matrix Λ(α)(β) :

λµ
(β) =Λ(α)(β) е

µ
(α).

This set is translated parallel along the observer’s worldline:
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• Here the 4 – rotation tensor 

Ωαβ= -аα uβ+аβ uα -εαβµνuαωβ,

• аα - 4- acceleration, 

• ωβ - angular 4-velocity of observer’s rotation.
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• Transformation formula can be found integrating the equation of 
the reference geodesics:

• hereΓα,µν – Cristoffel’s symbols, and
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Additionally, for OC: 
Geodesics is isotropic: vαvα=0, and for FC
Geodesics is space-like and orthogonal to the observers 
worldline: uαvα=0. 
Then FC zα are:zi=yкei

(к), z0=τ,
And ОК ξα are: ξi=yαei

(α), ξ0=τ.
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gµν - metric tensor in the initial coordinatesхµ

gαβ=η αβ+hαβ
where h are small in comparison to 1 . Then

where:

fµν=hµν (xα)-hµν (xα
c)

• Integration give us the transformation formula in linear 
approximation on metric
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FC : metric tensor
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Here Rαβχδ -
Riemanniantensor

( ) ( ) ( )
αβσρσρ

σρ
αβσβασ

σ
αβνβαν

ν
αβαβαβ −++++−−=Σ

,,,,,222 IJyyJJyIIyIf

{ } { }µνανµα
α

µνµναβαβ
βα

µν Γ−−+−=∆ ,),(,

~
2)(2 JysfJKyy



• Taking into account that:
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OC:

• metric transformation:
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Metric tensor in OC:
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An example: moving point 
masses

• Initial metric:

• where π і is a velocity, m - mass
• And gravitational potential is:
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Transformation formula:
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OC:
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