
COMPARISON BETWEEN THE FINITE VLBI MODEL AND THECONSENSUS MODELM. SEKIDO1, T. FUKUSHIMA21 : Communiations Researh Laboratory893-1 Hirai Kashima Ibaraki, 314-0012 Japane-mail: sekido�rl.go.jp2 : National Astronomial Observatory2-21-1 Osawa Mitaka Tokyo,181-8588 Japane-mail: Toshio.Fukushima�nao.a.jpABSTRACT. For appliation of VLBI tehnique to spaeraft navigation, we have developed ananalytial formula of VLBI delay model for �nite distane radio soure with based on linearizedparameterized post Newtonian metri. This formula orresponds to the standard VLBI model('onsensus model'), whih is widely used in VLBI ommunity all over the world. This �niteVLBI model has an auray better than 5 pio seonds for a radio soure at distane beyond109 m away from the observer on earth based baseline. The deviation of �nite VLBI modelfrom the onsensus model omes from the urvature of the wavefront. We ompared these twomodels and derived an analytial expression for the di�erene.1. INTRODUCTIONSpaeraft navigation is another appliation �eld of Very Long Baseline Interferometry(VLBI) other than astronomy and geodesy. VLBI has great sensitivity in diretion perpen-diular to the line of sight. It is omplementary harateristi to the range and range rate(R&RR) measurement, whih is widely used for spaeraft navigation in deep spae. Thusjointly using VLBI and R&RR together will make inrease the auray of orbit determinationof the spaeraft. An aurate delay model is required in VLBI data proessing and analysis,espeially for preise astrometry and geodesy. The 'onsensus model' [Eubanks, 1991℄ is widelyused as standard VLBI model in world wide VLBI ommunity. That is based on plane waveapproximation, however, this standard VLBI model does not have enough auray, when radiosoure is loser than 30 light years from observer (e.g. planets, asteroids, and spaeraft in thesolar system). Beause urvature of the wave front annot be ignored in those observations, analternative VLBI delay model is required for �nite distane radio soures.Sovers & Jaobs (1996) disussed on urvature e�et of �nite distane radio soure. Fukushima(1994) introdued an useful expression of VLBI delay model for �nite distane radio soure.However, an analytial formula of relativisti VLBI delay model orresponding to the `Con-sensus model' was not obviously expressed on their papers. The Jet Propulsion Laboratory(JPL/NASA) have been using VLBI tehnique for spaeraft navigation [e.g. Border et al.,1982℄ sometimes. Moyer (2000) has developed formulation of radiometri observation data forspaeraft navigation with based on light time equation (light-time approah). Solving light time318



equation by numerial proedure is straightforward, however it need iteration of omputationto solve light time equation in the analysis software. We took a VLBI-like approah rather thanthe light-time approah, beause we intended to �nd a analytial formula for replaement withonsensus model so that it an easily be implemented in urrent apriori omputation software(CALC1). We derived an analytial formula of VLBI delay model for �nite distane radio soure(hear after referred as '�nite VLBI model') [Sekido and Fukushima, 2003℄ based of linearized Pa-rameterized Post Newtonian (PPN) metri, and by following the approahes of Hellings (1986),Shahid-Saless and Hellings (1991), and Fukushima (1994). The form is�2 � �1 = (1 + �02)�1(�tg � ~K � ~b "1� (1 + )U � V 2e + 2~Ve � ~w222 #� ~Ve � ~b2  1 + �02 � ~K � (~Ve + 2~w2)2 !) ; (1)where, �02 = b~R02 � ~V2=. Target auray of this formula is order of pio seonds with groundbased baseline for the radio soure in the solar system. An expression of the di�erene betweenthe �nite VLBI model and the onsensus model is mainly disussed in this paper.2. PREPARATION OF COMPARISONDe�nitions of Parameters and NotationVariables of large apital indiate quantity in the rest frame of solar system baryenter(hereafter referred as FCB) and small ones denote those of geoentri referene frame (hereafterreferred as FCG). Then Baryentri Coordinate Time (TCB) is represented by T and GeoentriCoordinate Time (TCG) is represented by t. SuÆx 0,1,2 represent radio soure and two VLBIobservation stations, respetively. Position vetor of ith station in the FCB is expressed by~Xi. Radio signal is supposed to be emitted at T0 from the radio soure and to arrive at ithobservation station at Ti. Relative position vetor and its magnitude are denoted as follows:~Rij = ~Xi � ~Xj; Rij = j~Rij jDe�nition of other parameters are summarized in Table 1. Pseudo soure vetor ~K, baselinevetor ~B, and those omposed from position vetors of di�erent time epoh are de�ned in FCBas: ~K = ~R01(T1) + ~R02(T1)R01(T1) +R02(T1) ; ~K� = ~R01(T1) + ~R02(T2)R01(T1) +R02(T2) ;~B = ~R02(T1)� ~R01(T1); ~B� = ~R02(T2)� ~R01(T1); (2)1http://gemini.gsf.nasa.gov/solve/solve.shtmlTable 1: Notation of parameters~Ve Veloity of the earth motion around the sun in FCB~w2 Veloity of the station 2 due to spin of the earth in FCG.~Ks Soure unit vetor from the solar system baryenter de�ned in FCB.~b = ~x2(t1)� ~x1(t1). Baseline vetor in FCG. Speed of light A parameter of linearized PPN metri.  = 1 in Einstein's general relativity.U =Pp GMpj~X�~Xpj2 . Normalized gravitational potential produed by pth body at ~X.�tg Gravitational delay di�erene in VLBI observation.319



where ~R0i(Tj) = ~X0(T0) � ~Xi(Tj). T0 is obtained with respet to T1 by solution of light-timeequation (T1 � T0) = j~X1(T1)� ~X0(T0)j+(1 + )XJ GMJ2 ln ����R0J +R1Js+R01R0J +R1J �R01 ���� : (3)De�nition of soure vetor for �nite distane radio soureIn omparison between the two ases, where distane to the radio soure is in�nite and �nite,there is a freedom of hoie on soure vetor for �nite distane radio soure. Question is whihvetor in '�nite' ase is regarded as orrespond to soure unity vetor in 'in�nite' ase. Sourevetor in onsensus model (~Ks) is de�ned by a unit vetor from baryenter of solar system toradio soure in FCB. Sovers & Jaobs(1996) used a geoentri vetor to radio soure to expressthe di�erene between delays of plane wave and urved wavefront. Here we suppose unit vetorfrom station 1 to radio soure as orrespond to soure vetor in 'in�nite' ase.~K0s def= ~R01R01 (4)The reason of our hoie is beause delay of VLBI observation is measured at epoh time ofsignal's arrival to station 1, i.e. station 1 is the referene station. In addition more importantreason is that delay harateristi of �nite distane radio soure departed from that of planewave is expressed obviously with our de�nition. That will be seen in latter setion.Figure 1 illustrate a on�guration of VLBI observation of urved wavefront. For simpliity,we eliminate any motion of the earth in disussion only in this setion. For instane, baselinevetor ~B used here has to be properly denoted ~B� (equation (2)) in real ondition.As seen from Figure 1, geometrial di�erene of distane between R02 and R01 is given asR01 �R02 = ~K0s � ~B�R02(1� os �)= ~K0s � ~B�R02�1�r1� j~K0s�~Bj2R202 �= ~K0s � ~B�R02�C (5)The seond term of the equation represents the e�et of urved wavefront. The fator of thisterm �C an be expressed my Malaurin expansion as�C = j~K0s � ~Bj22R202 + j~K0s � ~Bj48R402 � � � �= 1Xi=1 j~K0s � ~Bj2i2iR(2i)02 : (6)Di�erene between the Finite VLBI model and the Consensus modelTime di�erene measured by VLBI observation in TCB time sale is(T2 � T1) = R02(T2)�R01(T1) + �tg (7)An approximation ~B� = ~B + ~V2(T2 � T1) has enough auray (better than 6 miro meter onground based baseline). By using this relation, di�erential range R02(T2)�R01(T1) is expressedwith pseudo soure vetor ~K de�ned by equation (2) as:R02(T2)�R01(T1) = �~K� � ~B�= � 11+�02 ~K � ~B (8)320
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Figure 1: For omparison between the �nite VLBI model and the onsensus model, ~K0s def= b~R01 isused as de�nition of soure vetor orresponding to that in 'in�nite' ase. Here we are eliminatingmotion of station 1 and 2 for simpliity. For example, the baseline vetor ~B in this �gure mustbe written as ~B� = ~X2(T2)� ~X1(T1) in real ondition.This equation was used to derive the �nite distane VLBI model (equation (1)) in other paper[Sekido & Fukushima , 2003℄. The same di�erential range an be expressed with unit sourevetor ~K0s instead of pseudo soure vetor ~K as follows:R02(T2)�R01(T1) = �~K0s � ~B� +R02�C= � 11 + ~K0s�~V2 ��~K0s � ~B+R02�C� (9)A relation between ~B and ~b is given (e.g. equation (16) of Sekido & Fukushima (2003)) as:~B = X2(T1)�X1(T1) = (1� U)~b� ~Ve � ~b2  ~Ve2 + ~w2! : (10)And a relation of time interval in TCB (T2 � T1) and interval of events in TCG is given as (e.g.equation (17) of Sekido & Fukushima (2003)):T2 � T1 =  1 + U + V 2e22 + ~Ve � ~w22 ! (t2 � t1) + ~Ve � ~b2 : (11)Substituting equations (9), (10), and (11) into equation (7) beomes 1 + U + V 2e22 + ~Ve � ~w22 ! (t2 � t1) = 1 + ~K0s � ~V2 !�1 "�tg � (1� U)~K0s � ~b� ~Ve � ~b2  1 + ~Ve � ~K0s2 !+R02�C# ; (12)where di�erene ~V2= and (~Ve + ~w2)= was eliminated, sine it was order of (Ve=)�3.321



Time sale of TT (�) is related with that of TCG (t) by dt = d�(1 � LG), where LG =6:969290134 � 10�10 [MCarthy and Petit, 2003℄. Consequently, the form of �nite VLBI delayin TT sale expressed with unit soure vetor ~K0s is given by(�2 � �1) =  1 + ~K0s � ~V2 !�1(�tg � ~K0s � ~b[1� (1 + )U � V 2e + 2~Ve � ~w222 ℄� ~Ve � ~b  1 + ~Ve � ~K0s2 !+R02�C 0) ; (13)where spatial oordinate on the geoid � was taken so that speed of light  was kept onstantas d� = (1 � LG)dx, and baseline vetor was re-de�ned by ~b = ~�2(�1) � ~�1(�1). And �C 0 =(1� U � LG � V 2e +2~Ve�~w222 )�C was used.The onsensus model [Eubanks, 1991; MCarthy and Petit, 2003℄ is given by(�2 � �1) = "1 + ~Ks � (~Ve + ~w2) #�1(�tg � ~Ks � ~b"1� (1 + )U � V 2e + 2~Ve � ~w222 #� ~Ve � ~b2  1 + ~Ks � ~Ve2 !) (14)Putting the numerator and denominator of right hand side of equation (14) respetively A andB, delay of the onsensus model (�1) is �1 = A=B. Regarding ~K0s as idential with ~Ks, delayof �nite distane VLBI model (�F ) is written as �F = A+R02�C0B . where di�erene between ~V2and ~Ve + ~w2 of the denominators were eliminated, sine its fator is (Ve=)�3. Consequentlythe di�erene of the two model is given as�F � �1 = (1� U � LG � V 2e +2~Ve�~w222 )1 + ~K0s�~V2 � R02 0�1�s1� j~K0s � ~B�j2R202 1A (15)= (1� U � LG � V 2e +2~Ve�~w222 )1 + ~K0s�~V2 � R02 1Xi=1 j~K0s � ~B�j2i2iR(2i)02 : (16)This di�erene orresponds to the geometrial delay of urved wavefront multiplied by fator ofrelativisti time ontration (numerator) and e�et of motion of station 2 (denominator). Themagnitude of this term is quite large with order of B2=2R02. It reahes up to 50 km in ase thatthe distane to the radio soure is 109 m and baseline length is 107 m, for instane.A series of VLBI observation ampaign were organized in the �rst half of 2003 for supportingearth swing-by of spaeraft NOZOMI2. Several Japanese domesti VLBI stations and Algonquinobservatory in Canada joined the ampaign. The baseline lengths between Algonquin andJapanese stations were about 9000 km, and NOZOMI approahed to the earth in distane 109m or less at the moment of swing-by. Therefore this �nite VLBI model was essential for detetinginterferometer fringes on the ontinental baseline in these observations.
2Spaeraft NOZOMI was launhed for Mars exploration by Institute of Spae and Astronautial Sienes ofJapan. 322
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