
FREE CORE NUTATION: STOCHASTIC MODELINGVERSUS PREDICTABILITYA. BRZEZI�NSKI, W. KOSEKSpace Research Centre, Polish Academy of SciencesBartycka 18A, 00-716 Warsaw, Polande-mail: alek@cbk.waw.plABSTRACT. The time series of the celestial pole o�sets determined by VLBI contains thefree core nutation (FCN) which is a pseudoharmonic oscillation with retrograde period of 430days and variable amplitude between 0:1 and 0:3 milliarcseconds. This signal is signi�cant atthe assumed sub-milliarcsecond level of accuracy therefore needs explanation and modeling. Inthe �rst part of this study we recall our earlier results concerning the stochastic modeling ofthe observed FCN signal. Then we show how the model of the autoregressive process can beapplied for prediction of the observed irregular component of nutation and compare results tothe extrapolation based on the sinusoidal model of the FCN.1. INTRODUCTIONThe di�erence between the precession and nutation observed by the very long baseline inter-ferometry (VLBI) technique and that predicted by the MHB2000 model (Mathews et al., 2002)contains irregular variations which are signi�cant at the sub-milliarcsecond level of accuracy(see, e.g., Dehant et al., 2003) therefore needs explanation and modeling. There are at least twotypes of irregular motions:1. The free core nutation (FCN), a pseudoharmonic oscillation with retrograde period ofabout 430 days and variable amplitude between 0:1 and 0:3 mas (milliarcseconds) as wellas variable phase.2. Atmospheric and nontidal oceanic contributions to nutation which are not strictly har-monic but contain a broad-band variability at the level of 0:1 mas (Bizouard et al., 1998;Petrov et al., 1998).These irregular motions can be modeled by di�erent methods. Here we will focus attention onthe stochastic modeling by the autoregressive integrated moving-average (ARIMA) processes.First, we will recall brie
y our earlier results on the ARIMA modeling of the FCN, which havebeen discussed in a series of papers (Brzezi�nski, 1994; 1996; 2000; Brzezi�nski and Petrov, 1998;Brzezi�nski et al., 2002). The ARIMA model is particularly suitable for determination of theparameters of the FCN resonance, the period T , the quality factor Q and the excitation powerS needed to maintain the observed free motion. Then, we will consider the possibility of applyingthis model to predict the future values of the FCN signal. We will also describe �rst numerical99



experiment comparing the autoregressive prediction of the observed time series of the celestialpole o�sets to the extrapolation based on the sinusoidal model of the FCN.2. FREE CORE NUTATION MODE IN EARTH ROTATIONThe FCN belongs to the catalogue of the solid Earth modes; see Figure 3 of Eubanks (1993).It in
uences Earth rotation in two di�erent ways: 1) through resonant enhancement of theamplitudes of those lunisolar nutation waves which are close to the frequency of resonance(indirect e�ect), and 2) it gives rise to the free oscillation of the pole in response to the irregularexcitations, atmospheric, oceanic, etc. (direct e�ect). In addition, the FCN resonance in
uencesalso the tidal gravity variations, but only indirect e�ect has been detected so far.2.1. Observations of the FCNThe FCN was predicted and explained theoretically already at the end of 19th century(Hough, 1895). Many attempts were made in the past to detect the FCN oscillation in theastrometric observations of Earth rotation, e.g. by Popov (1963), Yatskiv et al. (1975), butonly the recent measurements by the VLBI have been precise enough both to verify theoreticalmodels of the indirect e�ect on nutation and to reveal the FCN signal in the celestial motion ofthe pole (Herring et al., 1986). The FCN oscillation contributes to the time series of the celestialpole o�sets which are routinely provided by the International Earth Rotation and ReferenceSystems Service (IERS). Several series based on the VLBI observations are available from 1979till now, but for the purpose of tracking the FCN signal it is necessary to reject the data before1984.As it can be seen from Figure 1b, the irregular variability of nutation shown in Figure 1aconsists mostly of the FCN oscillation which contributes more than 60% to the total powerin the series. The period T = �429:6 days determined from the maximum entropy method(MEM) of spectral analysis (Brzezi�nski, 1995) agrees quite well with the value T = �430:2 daysadopted by the MHB2000 model (Mathews et al., 2002), marked in Figure 1b by the verticalline. The amplitude of the FCN varies in time but it does not show any permanent decayingtrend. The maximum values, around 0:3 mas, occur before 1990, then become signi�cantlysmaller in 1990-ties, and increase again after 2000.
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Na) b)Figure 1: Celestial pole o�sets observed by the VLBI (IERS combination series C04), afterremoval of the empirical corrections to the IAU2000 precession/nutation model a) time domainrepresentation, b) frequency domain representation { maximum entropy power spectrum.100



2.2. Modeling of the FCNThe MHB2000 precession-nutation model adopted as an o�cial IAU standard model anddesignated as IAU2000 (IERS, 2003), does not include the FCN because it is a free motionthat cannot be predicted rigorously. However, the Fortran program IAU2000A.f evaluatingthe nutation model, which is attached to Chapter 5 of the IERS Conventions 2003 (ibid.),contains the subroutine FCN nut which can be optionally used in computations. This subroutineimplements the FCN model which is recommended by the IERS. The model assumes a constantdissipationless value of the FCN frequency and uses the empirical values of the sine- and cosine-amplitudes (equivalently, the sine- and cosine- amplitudes can be expressed as the amplitude andphase with respect to the selected reference epoch) pre-estimated for the subsequent two-yearintervals. The amplitudes are interpolated linearly to the epoch of computation and these arethe instantaneous values used to evaluate the FCN signal. In case when the evaluation epoch islarger than the time of the last pre-estimated value, the most recent amplitudes are used in thecomputation.An alternative model of the observed FCN signal proposed by Shirai and Fukushima (2001)is a piecewise damped sinusoidal oscillation with a number of the excitation impulses. Afterassuming the values of the FCN period T = �431 days and the quality factor Q = 15300,they found that an adequate representation of the FCN signal during the period 1979 to 2000can be obtained when assuming 4 di�erent excitation epochs: 1989:39, 1994:47, 1994:76 and1998:99, and determining �ve complex amplitudes by the least-squares method. This model hasa physical explanation, namely it is an implementation of the hypothesis stating that the FCNis excited by large earthquakes.Another approach for modelling the free oscillations in Earth rotation, originally proposed byJe�reys (1940) as an adequate representation of the Chandler wobble, is a stochastic modelingby the ARIMA processes. The model assumes that the free signal which is subject to damping, iscontinuously excited by a certain random process, or a combination of processes. Such excitationcorresponds to the retrograde quasi diurnal variation in the atmospheric and oceanic angularmomentum driven by the daily solar heating cycle.The ARIMA modeling of the FCN has been discussed extensively by Brzezi�nski (1994, 1996,2000), Brzezi�nski and Petrov (1998), Brzezi�nski et al. (2002). We proceeded according to thefollowing scheme:1. Introduce possible simpli�cations to the equation of motion.2. Solve equation of motion analytically and perform discretization by applying the trape-zoidal rule of integration.3. Assume equidistant sampling of all variables and introduce simple stochastic models forthe excitation process and for the measurement noise.If the excitation process is modeled as a white noise and the measurement errors as a randomwalk, then the resulting stochastic model for the observed FCN signal isdl � '1dl�1 = vl � �1vl�1 � �2vl�2; (1)where dl = zl � zl�1 is the �rst di�erence of the observation zl = Pl + n1 of nutation, Pl =d l sin "o+id"l denotes the nutation expressed as complex combination of the celestial pole o�setsin longitude d and obliquity d", with "o = "(J2000) and i = p�1, nl is complex measurementnoise assumed to be realization of the random walk process, the complex coe�cients '1, �1, �2101



are known functions of the FCN period T and quality factor Q, and fvlg is a zero-mean sequenceof uncorrelated complex-valued random impulses. Eq.(1) describes the ARIMA(1,1,2) model;see, e.g., (Marple, 1987) for theoretical basis. Its parameters can be determined by applying themaximum likelihood algorithm to the time series of observations.The ARIMA model expressed by eq.(1) which follows from the physics of the FCN, providesthe optimum representation in a sense of the criterion of parsimony: it is fully describes by thethree complex coe�cients '1, �1, �2 and one real coe�cient expressing the standard deviation ofthe driving white noise fvlg. An equivalent from the point of view of mathematics, representationof the ARIMA process is provided by the pure autoregressive (AR) modelzl � '1zl�1 � '2zl�2 � : : : : : :� 'pzl�p = vl: (2)This model involves usually more parameters than the optimum ARIMA counterpart, eq.(1).In case of the nutation time series with a 10-day sampling, shown in Figure 1a, we foundthe optimum AR order p = 21 (see next section for details). It means that the number ofparameters increased seven times. But such a pure AR model o�ers important advantages for ourapplications. First, there exist simple algorithms for determining its parameters, the coe�cients'j , j = 1; : : : ; p, and standard deviation of the driving noise fvlg. In the computations describedin the next section we apply the least-squares version of the MEM algorithm to estimate theAR coe�cients, with the Akaike �nal prediction error (FPE) criterion for �nding the optimumorder p; see (Brzezi�nski, 1995) for computational details. Second, the application of the ARmodel for prediction is straightforward. One needs only to replace in eq.(2) the unknown futurerandom impulses vl by their expected values equal to zero. Finally, this model takes into accountnot only the FCN signal but also other irregular components of the observed time series, suchas that expressed by the broad peak at prograde frequencies between 0 and 1 cycles per year,shown in Figure 1b.3. PREDICTION OF THE IRREGULAR VARIATIONS IN NUTATIONWe used in computations the IERS combination series C04 related to the IAU2000 precession-nutation model (�le EOPC04 IAU2000.62-now downloaded from the following website addresshttp://hpiers.obspm.fr/eoppc/eop/eopC04). The series used here contains 7192 daily valuesof the celestial pole o�sets X = d sin "o, Y = d", spanning the period between 1984:0 and2003:7. First, we removed from the input series the model comprising the linear trend andcorrections to the important nutation terms. We found by the least- squares �t the followingcorrections which are in some cases surprisingly large:1-st order polynomial d sin "o d"constant (�as) 59� 6 32� 7,slope (�as/yr) 8� 1 9� 1,Periodical terms (�as) retrograde prograde18.6 yr 28� 8 68� 6,9.3 yr 28� 6 33� 6,1.0 yr 5� 6 10� 6,0.5 yr 19� 7 9� 6.Then, we smoothed the residual nutation series by the Gaussian �lter with full width at ahalf of maximum equal to 20 days, and interpolated at 10-day intervals, with the �rst modi�edJulian date 45710:0. The reduced time series of the nutation residuals, which has a length of718, is shown in Figure 1a. The MEM power spectrum of P = X + iY computed for the AR102



order p = 21 (cf. eq.(2)) shows the FCN peak containing more than 60% power of the series.The MEM spectral analysis yields the FCN period of T = �429:6 days (Figure 1b), the qualityfactor Q = 2995 and the mean amplitude, that is the square root of the power of oscillation,A = 179 �as. If we compute the FCN parameters assuming over the entire time interval 1984:0to 2003:7 the model comprising both the retrograde and prograde complex sinusoids with aperiod of 430 days, the result is A = 107� 6 �as for the retrograde component and A = 11� 6�as for the prograde one.Next, we computed the one-year forecasts of the reduced nutation series using two di�erentmethods. The �rst method, designated below as sinusoidal prediction, corresponds to the FCNmodel recommended by the IERS. It consists in �tting to the last two years of data of themodel comprising a sum of the complex sinusoid with a period of �430 days (that describes auniform circular motion of P in the clockwise direction) and the constant, and then extrapolatingthis model into the future. Hence, this model allows the time variation of the FCN amplitudeand phase while assuming that the motion is purely retrograde. The other method is the ARprediction with the autoregressive coe�cients 'l, eq.(2), estimated by using the last eight yearsof data. The optimum AR order p was determined as that corresponding to the �rst localminimum of the FPE value, for which p � 20.
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methods, computed for di�erent starting prediction epochs, while the mean prediction errorsfor m between 10 and 380 days in the future, are compared in Figure 3. For other predictionmethods applied to the observations of polar motion see the paper by Kosek et al. (this volume)and the references therein.From the inspection of Figures 2 and 3 we can draw several conclusions. All predictionsare generally worse for Y = d" which indicates that this component of nutation contains highernoise than the other component X = d sin "o. The mean prediction error of the forecast byconstant does not depend on the prediction time, while in case of the sinusoidal model the errorincreases approximately linearly. As could be expected, the best results are obtained by the ARmodel. The prediction error growths rapidly for the prediction time m between 10 and 50 days,then increases roughly linearly, and �nally becomes almost constant. Again, there is a di�erencebetween the X and Y components of nutation. In case of the X component the initial growthof the error is slower, and the stability is reached already for m equal to about 200 days and atthe level of 0:10 mas. In case of Y , the corresponding quantities are 270 days and about 0:12mas. The advantage over the sinusoidal extrapolation is particularly well seen for short and longprediction times. As it can be seen from Figure 2, one reason for better performance of the ARprediction is that the underlying stochastic model does not only attempt to express the FCNbut also other �ne features of the irregular variability of nutation.
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Hence, in case of the observed celestial pole o�sets the predictability is signi�cant only for shortprediction lengths. For one-year prediction the e�ciency is much lower than in case of polarmotion, where it is of the order of 80% to 90%. There are two reasons for such di�erence: 1) thesignal-to-noise ratio is up to 3 orders of magnitude higher for polar motion than for the celestialpole o�sets; 2) the FCN is less stable than the Chandler wobble because its dissipation timeestimated from observations is several times shorter.4. SUMMARY AND CONCLUSIONSModeling the FCN signal in the time series of the celestial pole o�sets observed by VLBI,is an important task of the sub-milliarcsecond astrometry. Its variability (Figure 1) is typicalfor the randomly excited free oscillator with damping. A similar observation concerning theChandler wobble led Je�reys (1940) to the concept of describing the free motion as a realizationof the stochastic process, the ARIMA process. We followed this concept and applied the ARIMAmodel for description of the FCN; see, e.g., (Brzezi�nski, 1996) for details.The application of the ARIMA processes in the investigations concerning the FCN o�ersseveral advantages. Such model has a good physical explanation since it can be derived directlyfrom the equation of motion. The underlying assumption is that the excitation function behavesas a random process, which is reasonable as far as we consider the in
uence of the atmosphereand of the nontidal oceanic variability on nutation. The application of the ARIMA modelenables determination of the parameters of the FCN mode (Brzezi�nski and Petrov, 1998) whichis independent from the estimation based on the indirect e�ect (Mathews et al., 2002). TheARIMA model can also be used for the time domain comparison between the FCN signal and theatmospheric and/or oceanic excitation. Unfortunately, such comparisons could not be conclusiveso far because we do not have adequate estimates of the atmospheric and oceanic excitationfunctions (Petrov et al., 1997).In this research we considered the application of the AR model for prediction of the observedirregular component of nutation including the FCN signal. First computation using the availabletime series of the celestial pole o�sets demonstrated clear advantage of the AR-based predictionover the extrapolation of the sinusoidal model. This advantage is particularly large for shortterm predictions, up to about 1 month. For longer prediction times, between 1/2 and 1 year, theAR model yields the rms errors of about 0:10 mas for X = d sin "o and 0:11 mas for Y = d".However, even in case of the AR prediction its e�ciency is low. For the prediction length of10 days, the predictability is (63%,58%) for (X ,Y ), then it decreases rapidly reaching (32%,25%)for m = 30 days, and for m = 1 year it takes rather low value of (13%,10%).Acknowledgments. This research has been supported by the Polish Ministry of Scienti�c Re-search and Information Technology under grants No. 5 T12E 039 24 and No. 8 T12E 005 20.Accommodation costs were covered by the Russian Academy of Sciences in frame of bilateralcooperation with the Polish Academy of Sciences.5. REFERENCESBizouard, Ch., Brzezi�nski, A., and Petrov, S. D., 1998, Diurnal atmospheric forcing and temporalvariations of the nutation amplitudes, Journal of Geodesy, 72, 561{577.Brzezi�nski, A., 1994, The period and the quality factor of the Free Core Nutation mode de-termined by the maximum entropy spectral analysis, Proc. Journ�ees Syst�emes de R�ef�erenceSpatio-Temporels 1994, edited by N. Capitaine, Paris Observatory, 219{225.Brzezi�nski, A., 1995, On the interpretation of maximum entropy power spectrum and cross-105
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