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Estimation of the Chandler wobble parameters
by the use of the Kalman deconvolution ﬁlter
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Figure 1: Polar motion series IERS C01 after removal of the annual sinusoid and the 1st order polynomial (left)
and the power spectral density (PSD) function of p = xp − iyp (right)

Polar motion (")

=⇒ main excitation mechanism: irregular mass redistribution on the Earth’s surface

• Its amplitude is changing but there is no clear decaying tendency

• Monitored on regular basis since the end of XIX century (see Figure 1)

• Detected in astrometric observations by Chandler (1891) with a period of about 430 days

• Predicted by Euler (1765) with a period of 305 days

Chandler wobble: general description
• Free motion of the pole which is the largest component of polar motion

PSD in decibels ((1")2/cpy)
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Figure 2: Geophysical properties of the Earth contributing to the Chandler wobble period T and quality factor Q
(from (Smith and Dahlen, 1981))

Smith and Dahlen, 1981, The period and Q of the Chandler wobble, Geo. J. R. Astr. Soc., 64(223–281)

• are closely related to various geophysical parameters; for details see the paper

• they deﬁne the equation describing geophysical excitation of polar motion

Parameters of the Chandler resonance, the frequency Fc (or, equivalently, the period Tc = 1/Fc)
and the quality factor Qc are important for studying global dynamics of the Earth because

Chandler wobble parameters: geophysical interpretation

Brzeziński and Rajner

The algorithms which are described below and applied for estimation of the CW parameters, are
based on the stochastic model of Jeﬀreys (1940).

The idea of Jeﬀreys (1940) was further developed
by Wilson (1979), Wilson and Vicente (1980; 1990)
and many other researchers.

• ﬁltering and prediction of the polar motion
data

• reliable estimation of the observed polar motion power spectrum and cross-power spectrum

• estimation of the free wobble parameters and
their statistics

Harold Jeﬀreys (1891-1968), the English astronomer and geophysicist, proposed in 1940 a simple
stochastic model for the observed Chandler wobble.
From the point of view of mathematics, this is the
model of the randomly excited free oscillation with
damping. This model can be applied for diﬀerent
purposes such as
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Chandler wobble: the stochastic model of Jeﬀreys

ṗ − iσcp = −iσcχ

to

t

exp [iσc(t − τ )] χ(τ )dτ

(2)

(1)
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(3)
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where Pc is a power, or a variance, of the Chandler wobble (Munk and MacDonald, 1960)

2πFcQcSc = Pc

Assumption: χ is a stochastic process with power spectral density (PSD) near Fc equal Sc
Remark: if χ is a white noise, parameters Fc, Qc and Sc are related by the following equation

p(t) = p(to) exp(iσc(t − to)) − iσc

∫

i . . . . . . . . . . . . . . . . . . . . . . . . imaginary unit
p = xp − iyp . . . . . . . . . . . . observed polar motion
χ = χ1 + iχ2 . . . . . . . . . . . .geophysical excitation function (AAM, OAM, HAM)
σc = 2πFc (1 + i/2Qc) . . . complex angular frequency of CW
Fc , Tc = 1/Fc , Qc . . . .CW frequency, period and quality factor

The solution of eq.(1) is

where

Equation of polar motion excitation

Chandler wobble: theoretical description

AR
MEM–AR
MLM–ARIMA
MLM–ARIMA
PM+EXC
PM+EXC

Jeﬀreys (1968)

Ooe (1978)

Wilson & Vicente (1980)

Wilson & Vicente (1990)

Kuehne & Wilson (1996)

Furuya & Chao (1996)

These are not 1-σ but 90% conﬁdence intervals

AR

Jeﬀreys (1940)

0.8422

0.831

0.8435

0.8430

0.8400

0.8432

0.8177

Fc
46
61
96
175
179
72
49

± 0.0043
± 0.0039
± 0.0070†
± 0.0022
± 0.004
± 0.0035

Qc
± 0.0127

(35–100)

(30–500)

(74–789)

(48–1000)†

(50–300)

(37–193)

(37–60)

33

51

Sc

(22–52)†

(14–98)
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PM+EXC estimate based on simultaneous use of polar motion and geophysical excitation data

MLM–ARIMA autoregressive integrated moving-average model ﬁtted by maximum likelihood method

MEM–AR maximum entropy method o ﬁtting AR spectrum

AR autoregressive modeling

Legend: method of data analysis

†

Method

Source

Table 1: Selected estimates of the CW parameters: the frequency Fc, the quality factor Qc and the excitation
power Sc at the resonant frequency. Units are cycles per year (cpy) for Fc and mas2/cpy for Sc.

Chandler wobble: parameter estimation based on the Jeﬀreys model

χ̇u = kuχu + wu,

(5)
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CW parameters estimation:
a straightforward approach is to ﬁnd Fc, Qc which minimize the mean squared value of the
estimated unknown excitation χu. In the following analysis we assumed ko = ku = 0, that is
the random walk model for both χo and χu.

Application to real data:
by using simultaneous observations of p and χo as an input for the Kalman recursion we can
smooth p and χo and estimate the unknown excitation χu.

Kalman filter for polar motion excitation:
having deﬁned the state vector [p, χo, χu]T we can implement Kalman ﬁlter for the linear system
deﬁned by equations (1), (4), (5), as described in details by Brzeziński (1992).

in which the coeﬃcients ko, ku fulﬁll the stationarity condition ℜko, ℜku ≤ 0 and {wo}, {wu}
are zero-mean, white Gaussian noises with power spectral densities qo, qu, respectively.

χ̇o = koχo + wo;

χ = χo + χu
(4)
where χo is the observed excitation function and χu is the residual unknown excitation. These
functions are generated by the stochastic processes described by the following equations

Model of the excitation function:

Chandler wobble: simultaneous analysis of the polar motion and excitation data
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• this procedure can be identiﬁed under certain assumptions with the maximum likelihood
algorithm and the conﬁdence intervals deﬁned by the cross-sections V = Vmin(1 + ε)

• compute mean-squared value V of the residual excitation and ﬁnd its minimum with respect
to F and Q

Estimation of the Chandler resonance parameters F (or T) and Q, and the conﬁdence intervals

– observed excitation series can be treated separately
– can be added prior to the analysis (we adopted this option here)

• more then one observed excitation; two options are possible:

• no observed excitation (pure deconvolution procedure)

Possible extensions of the algorithm

Chandler wobble: simultaneous analysis of the polar motion and excitation data
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• OMCT: OAM series computed from the Ocean Model for Circulation and Tides (Dobslaw and
Thomas, 2007), 1989 – 2009

– ECCO1 – ECCO 50yr solution, 1949 – 2002
– ECCO2 – c20010701 solution, 1980 – 2001

• ECCO: OAM series based on the MIT global ocean circulation model (Gross et al., 2003)

Oceanic excitation data

• ERA-interim: ERA Interim reanalysis from ECMWF (Uppala et al., 2008), 1989 – 2009

• NCEP: AAM series estimated from the output ﬁelds of the U.S. NCEP-NCAR reanalysis
project (Kalnay et al., 1996), 1948 – 2012

Atmospheric excitation data

• C04 – IERS combined solution (Bizouard and Gambis, 2009), 1962.0 – 2009.6

• C01 – IERS combination of the optical astrometry observations (Vondrák et al., 1995) with
the BIH and IERS solutions, 1900.0 – 2012.0.

• POLE2010 – Kalman ﬁlter combination series (Ratcliﬀ and Gross, 2011), 1900.0 – 2011.5

Polar motion data

Chandler wobble: data analysis

–
–
–
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– 1948.0
– 1949.0
– 1980.0
– 1989.0

2009.5:
2003.0:
2002.3:
2009.0:
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C01/NCEP, POLE2010/NCEP
C01/NCEP/ECCO1, POLE2010/NCEP/ECCO1
C01/NCEP/ECCO2, POLE2010/NCEP/ECCO2
C04/ERA-interim/OMCT/LSDM

• Estimate CW parameters for the following combinations of the data sets

• Compute the residual series by removing the polynomial-harmonic model

• For each input time series (PM, AAM, OAM, HAM) estimate parameters of the model
comprising the sum of complex sinusoids with periods ±1, ±1/2, ±1/3 years (the sign
+/– is for prograde/retrograde motion) and the 4-th order polynomial accounting for lowfrequency variation

Data analysis

• LSDM: HAM series estimated from the output of the global hydrological model LSDM (Dill,
2008), 1989 – 2009

Hydrology excitation data

Chandler wobble: data analysis
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Figure 4: Same as in Fig.3 but for the PM series Pole 2010
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Figure 3: Chandler wobble parameters estimation from simultaneous analysis of PM and AAM data. The meansquared value of residual excitation is shown as function of F and Q (left), and of F and 1/Q (right).
Period of analysis: 1948-2010, input data PM – IERS C01, and AAM – NCEP reanalysis.

Chandler wobble parameters estimation: results
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(c) Period of analysis 1949.0–2002.9.
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(b) Period of analysis 1948.0–2009.5.
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87
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380
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Qc

90
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Qc

913

1245

∞
2400

Vc

Qc

Table 1 : Chandler wobble parameters estimated from the simultaneous analysis of polar motion and AAM data:
period Tc in days, quality factor Qc and mean-squared value Vc of residuals (in mas2).
(a) Period of analysis 1900.0–2011.5.

Chandler wobble parameters estimation: results
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Table 1 (e): Period of analysis 1989.0–2009.0.
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Data sets

Table 1 (d) Period of analysis 1980.0–2002.1.

Chandler wobble parameters estimation: results
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⇒ still to be done: clarify the problem of assigning the conﬁdence intervals to to the
estimated parameters

• the estimated quality factor is lower than the reference value
Qc = 179 (74 − 789)

• the estimated frequency is in most cases consistent with the reference value
Fc = 0.8435 ± 0.0022 cpy

• analysis of the polar motion data alone yields reliable estimates of the CW frequency but is
less useful for constraining the quality factor

• the estimates of the frequency Fc and the quality factor Qc are statistically independent

Chandler wobble parameters estimation: summary and conclusions

