ON SOLUTION OF THE THREE-AXIAL EARTH’S ROTATION PROBLEM
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ABSTRACT. The three-axial rigid-body Earth’s rotation problem is treated in the form compatible
with the General Planetary Theory GPT. This paper completes the results of (Brumberg and Ivanova,
2007, 2010).

1. THE SYSTEM OF THE EQUATIONS FOR THE PLANETARY AND LUNAR MOTIONS
AND THE EARTH’S ROTATION

The complete system of the equations for the planetary and lunar motions and the Earth’s rotation
was derived in (Brumberg and Ivanova, 2010). It has the form

X =iN[PX + R(X,1)] (1)
where -
X:(a, C_L, b, b, X37,...,X43), R:(Rl,...,R4, R37,...,R43) (2)

are vectors with 43 components (eccentric and oblique Laplace—type variables of the planets and the
Moon a, b and R; for i = 1,2, 3,4 are 9—vectors, X361, and Rsgy, for K =1,2,...,7 are connected with
the Earth’s rotation and depend on four Euler parameters (replacing three classical Euler angles) and
three components of the Earth’s rotation angular velocity.

N and P are 43 x 43 diagonal matrices of the structure

N = diag(N,N,N,N,n,n,n,n,n,n,n),

P = diag(E(g), —E(g), E(g), —E(g), 1, —1, 1, —1, —4\/ kle 74\/ kle s O)

where N is 9 x 9 diagonal matrix of mean motions n;, Eg) is unitary matrices of dimension 9 x 9, k1, k2
and n are determined by
Ig — Il I3 - IQ
k == k =
1 2[2 ) 2 211 )

n=—

5 )

Q = 7.292115-107° rad/s being the mean Earth’s rotation velocity and I;(i = 1,2, 3) being principal
inertia moments.

2. THE SECULAR SYSTEM

Our aim is to reduce (1) to the secular system. For that, the system (1) is subjected to a number of
the normalizing Birkhoff and the linear transformations. As a result, the secular system describing the
evolution of the Earth’s rotation (depending on the planetary and lunar evolution) is presented by

p1=1in(p1 + Fs7), (3)

p3 = in(ps + F3g), (4)

ps =in(—4v/kiks ps + Fi1), (5)
pr =in Fy3 (6)
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with conjugate equations for p1, p3, ps. Our computations show that the right-hand members F' consist
of two parts, i.e.
Py =UD 4+ U@ k=1,...,7 (7)

with

o

U =p.(1-9 Z S (p1p2)*2 (p3pa) ™ (Pspo) ™ By X (wxTTy)™ H 7)) (wyw;)™,  (8)
=1

4
U;‘(2) (1 _ K7 p5~5 Sr6 Z Uzl:hft) <H ) p5p6 mln{s-; 56}p %
Jj=1

9
X (wNwN)maX{ss_éN& o4~ 0na} H Zj Z] Hwyw;)™ 9)

with numerical coefficients UZ(,Z;L) 0i; is the Kronecker symbol. ps =Dy, ps = Ps, ps = Ps. It is seen from
(8)—(9) that Fy3 is equal to 0 and, therefore, the equation (6) can be omitted (p7 = const).

Equations (3)—(6) with the right—-hand members (7)—(9) admit three first integrals

p1p2 + (wywn )p3ps = C1, psps = Ca, pr = C3 (10)

with real constants Cy,Cs , Cs.
The secular system describing the evolution of the planetary and lunar orbits (independent of the
Earth’s rotation) may be presented in the form

2o = (o 20 + noUT,), We = 1(Vewe + neUsy) (11)
with
Usy = (26041 + Woly3) Z UZ(:Z; (2Z)% (w;w;)™, k=1,3, o=1,2,...,9,
w; and v; being the planetary (j = 1,2,...,8) and lunar (j = 9) motions of pericentres and nodes,

respectively and vy being 0 (in our computations N = 5). This system admits the first integrals
zjZ; = const, w;W; = const (12)

leading to straightforward integration.

3. SOLUTION OF THE EARTH’S ROTATION SECULAR SYSTEM

Designating p1 = g, ps = h, ps = f one may present the secular system for the Earth’s rotation in
the form

g= in[gG(gg, hﬁ, 2z, ijj) =+ (I)( g, h, E, 2iZj, ijj)] R
h= in[hH(gg, hh, zjZj, wiw;) + ¥(g, g, h, h, 2iZ;, wjﬁj)] , (13)
f = 1n[fF(g§, hE, 2jZj, ijj) =+ @( q, h, E, ZiZj, wjmj)}
where
9G=g+U"Y hH=h+U;Y, fF=-akkyf+U;Y, (14)
o=/,  v=u3%,  e=u?. (15)

The third equation of (13) is separated from the first two. Hence, these equations may be treated
analytically in much the same manner as in (Brumberg and Ivanova, 2007). It is seen from (8)—(9) that
the planetary and lunar coordinates enter in every part as the functions of the first integrals (12), i.d.
they enter as the constants. Therefore, with taking into account the first integrals (10) the first parts
U,;k(l) of the right-hand members are ready to integrate (13), the second parts UK( ) are of more general
form but they are less significant than the first parts. Our computations show that within the linear
theory with respect to small parameters depending on the dynamical flattenings and C'5

G = 1+(g§—haNEN)haNwN Y1+ Co, (16)
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H=1- (gg—hﬁwNwN)g§231+Co, (17)
F = —4\/kik) — 4\/k1koCs + (C? — 6gghh wnTx) ), (18)
® = hwnwy {[9°7 — 3g°hhwnWN — 3ggh° wnTN + hPh (wyTN )] S+

+(gh® wnwN — ¢°h) wNTNES ), (19)

¥ =—7{ [[g?’g —3¢°hhwyTy — 3ggh? wyTN + h3h (wNwN)Q] Yo+
+(gh® wyn — g°h) WNWNYS ), (20)
0 = —fwnwWN(9G — hhwyy)(gh + Gh)XY (21)

where the constants X1, X, 3o, 25, 35 are the functions of the first integrals (12), Cy depends on kq, ko
and two first integrals (10).

To solve (13) the method of the variation of the arbitrary constants is used. Neglecting temporarily
the second parts one gets the trigonometrical solution

g=goexpi§, h=hoexpin, f= foexpi(,
§=nAt+&, n=not+mn, (=nxt+q (22)
with real constants go, ho, fo, &0, 70, (o and the frequency factors
A=G, c=H, x=F. (23)

The amplitudes go, ho of the trigonometrical solution (22) are determined from (23)

4 _ (1+CO_U)2 e (A_1_00)2
NTRATC)—A oz, ONNTHRALC) A o5,

The amplitude fy = v/C5. By combining three frequencies n, nA, no one can restore the fundamental
frequencies of the classical solution.

n(A+o)=¢, n(A—o)=1. (24)

The frequency x corresponds to the Euler period of the Earth’s rotation.
To evaluate the influence of ®, ¥, © one may retain the form (22) with constant A, o, x and slowly
change go, ho, fo, o, Mo, Co- By substituting (22) into (13) one gets the rates of changing these variables

i9€0 + 990 g0 = inl® +g(G — A)], (25)
i hijo 4+ hhg tho = in[¥ 4+ h(H — o)), (26)
PG+ Ff5 " fo=1in[O + F(F = X)), (27)
By combining these equations with their conjugates one obtains at once
2g0g0 = in(g® — g®) =in(gh — gh)wnwN [DZQ — C135(gh + §h)wNEN] , (28)
2hoho = in(h¥ — h¥) = —in (gh — gh) [DSs — C1X5(gh + gh)wnTy] | (29)
2fofo=in(f® — f©) =0 (30)
with D = ¢%g* — h2h (wywy)?. With the use of
gh—gh =2igohosin(§ —n),  gh+gh = 2goho cos(§ — n) (31)
one gets
Jo = nhowNwWN {DZQ sin(n — 5) — goho’wNENClEIQ sin[2(77 — 5)]} R (32)
ho = —ngo {DXa sin(n — &) — gohownWnC1 5 sin[2(n — €)]} (33)
fo=0. (34)
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4. NUMERICAL ESTIMATES

To get the approximate numerical estimates of the constants of our solution by comparing it with
the classical SMART97 solution we use the same techniques as in (Brumberg and Ivanova, 2007). In
accordance with the SMART97 solution the initial (for the epoch J2000) values of the Euler angles and
their derivatives are

»(© = —0.00006 78954609, ¥ =0.701054959-107%/d,
0 =0.4090646190715, 00 = —0.09606 7366 - 107¢/d (35)
00 = 4.8948989303002, ¢ = 6.300388130/d

(the angles ¢, w, ¢ of SMART97 correspond to our angles —t, —0, ¢, respectively). Starting with these
initial values and the value n = —3.15019368/d we get the initial values (for the epoch J2000) for

©) ) ©) 1 4(0)
go = —sSIn T = —0.2031 0924 y hO = \/T—EN COS T = 70.7495 9950 s (36)
o = L9l 98 0000058 (37)

O T 20\ ke Ky

where w; and wsy are the components of the vector of the Earth rotation angular velocity referred to
rotating Earth—fixed coordinate system. Then we obtain the numerical values for the first integrals of
the secular system of the Earth’s rotation

Cy = 1.0000000000000, Cy = .0000000000003, C3 = .0000000201237 (38)

and the values for
A =1.00000022, o = 1.00000001, x = —.0065 6895, (39)
n(A+ o) = —6.30038810/d, n(A — o) = —.00000067/d, nx = .0206 9345. (40)

Our results in ¢ and 1/) coincide with the SMART97 solution up to 10~7/d. Then

o PO 4O
o 2
where 7 = —3.4233 8818 was obtained in (Brumberg and Ivanova, 2007).
(o is determined from (27) with taking into account (31) and (34) and admitting for the approximate
estimates F' — x = 0 in (27)

™

= 244741552, i = 7+ »© — 4 = 254670110 (41)

. A —
¢y = nVuNy sinf =——2 5 cos(n—¢&). (42)
G134
The initial value (for the epoch J2000) for Céo) is determined by
_ (0) (0) _ £(0) 9(0) _ (0 (0)

0 _ _1 \/——A T s | cos (0 +mg & ), cos( m +& )| _
= ——nVWND - + - = —.03138315. (43
< 2 NNy 2 0 —nA + no 0 +nA —no (43)
Six constants géo), h((JO), 50)7 ((JO), 7760), éo) are arbitrary constants of the trigonometrical solution of

the Earth’s rotation secular system.

5. CONCLUSION

The technique of this paper allows to construct a general theory of motion and rotation of the solar
system bodies.
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