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Precession and Nutation 岁差和章动  
of the Earth axis 26 000, 18.6 years, 
1, 0.5 year caused by Sun and Moon tides 

Earth’s pole motion 极点运动 up to 10 meters 
caused by geophysical effects – 
momentum exchange between the Ocean, 
Atmosphere, and Solid Earth 

Precession, nutation and polar motion – astronomy or geophysics? 
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𝑝 𝑡 = 𝑥 − 𝑖𝑦 



Polar motion principal components 
trend, annual and Chandler (433 days) wobble 



Polar motion spectrum 









Panteleev’s filtering in the Chandler band 

Filtering in time 
domain – 

convolution 

Filtering in frequency 
domain – 

spectra multiplication 

Several harmonics  incorporate information about changes of  
Chandler wobble instantaneous amplitude and phase 

V.L. Panteleev 

Panteleev’s band-pass filter for Chandler wobble extraction 

years -1 

years -1 



Filtered Chandler wobble and its envelope 

Blue – Gabor window transform 
Red – moving 12-year windowed Least-Squares  
Orange – absolute value of X+iY 



CW amplitude and phase model and prediction 

~Chandler wobble amplitude NLSM fit 

Period, years Amplitude Phase (1880) 

~80-year сomponent 83.44 42.6 mas 40.8o 

~40-year component 42.0 54.6 mas -101.5 o 

mean 134.8 mas 

~Chandler wobble phase NLSM fit 

Period, years Amplitude Phase (1880) 

~100-year сomponent 117.8 59 dg -118o 

~50-year component 50.9 34 dg 95 o 

1-order trend 2dg/year  

 autoregression 

3-layer Neural Network  
with (7, 7, 1) neurons 



Comparison of left and right parts of Euler-Liouville equation for polar motion 

 Q – quality factor, 

   from 100 to 150 

Geophysical excitation – right hand part Geodetic excitation – left –hand part 

p(t) – complex polar motion trajectory 𝜒 𝑡 − excitation 
 



Splitted Chandler wobble spectral  line 

Δf=0.0125=1/80  

     years -1 

Δf=0.05=1/20 

 years -1 

Big Moon 

 f=1/412 days-1 

 f=1/450 days-1 

p 𝑡 = 𝐴𝜒(𝑡) 

A – linear integral operator 

𝑝 𝜔 = 𝑊(𝜔)𝜒 𝜔  
W (𝜔) – transfer function 

Spectral form: 

|𝑊−1 𝜔 | 

𝜒 𝜔 = 𝑊−1 𝜔 𝑝 𝜔  

Invertion: 

To solve inverse 

problem we need 

regularization: 

𝜒 𝜔 = 𝐿ℎ(𝜔)𝑊−1 𝜔 𝑝 𝜔  

Coupled oscillators near resonance? 



Modelling amplitude changes in the Chandler Wobble  excitation 

Model substitution into Euler-Liouville equation gives 
 

Excitation : 
 

a0=135 mas 
a1=55 mas 
wc=2π/42(yrs) 

Model of the Chandler wobble 
 



First derivative of envelope  CW  Second derivative of envelope 



How to select filter width? 

Chandler wobble Excitation 

Different 
filter-width 
parameter 

f0 



Investigation of inverse problem solution uncertainty 

p 𝑡 = 𝐴𝜒 𝑡 + 𝛿 

𝜒  (𝑡)=R p 𝑡  

direct problem, 𝛿 – observational noise 

solution of the inverse problem, 

R - regularizing algorithm 

𝜒 = 𝑎𝑟𝑔𝑚𝑖𝑛 𝐴𝜒 − 𝑝  

there is error h in operator A 

which depends on knowledge of CW frequency fc and quality factor Q. 

 

ℎ 𝜒  

R also depends on CW frequency fc and quality factor Q, 

but the main parameter of the regularizing algorithm is the filter width parameter f0 

- error in p related to operator uncertainty 

the only way to access the solution χ  uncertainty is to provide the diameter of the set, it 
is selected from, consistened with uncertainties h, 𝛿 and a priory conditions, used in R   



Real polar motion spectrum Spectrum of the modeled CW 

Simulating amplitude changes in Chandler Wobble and excitation 

filter width parameter f0=1/T0  



Comparison of exact modeled excitation 
with what was reconstructed through corrective filtering (inversion+filter) 

for different values of filter width parameter f0=1/T0  



The discrepancy valued 𝐴𝜒 − 𝑝  depending on the filter parameter selected 

For exact operator 
and noise only in observations 

For both disturbed operator 
and noises in observations 

This proves that the optimal half-width parameter of the filterf0=1/T0 is about 
 1/20  - 1/25   (in our previous work f0=1/25  year -1) 

T0, years T0,   years 

𝜇 = 𝐴𝜒 − 𝑝 + 𝛿 + ℎ 𝜒  -    generalized uncertainty 

m
as

 

 ℎ 𝜒 ~130 𝑚𝑎𝑠  ℎ 𝜒 ~130 𝑚𝑎𝑠,  𝛿~50 𝑚𝑎𝑠 

m
as

 



Mass component     Motion component 

Angular momentum – geophysical excitations 

Effective angular momentum 



Absolute meridional ААМ ECMWF changes filtered in the Chandler band, MASS term 

4.0e-04 



Absolute meridional ААМ ECMWF changes filtered in the Chandler band, MOTION term 



Chandler wobble, comparison of excitations  

Oceanic  海洋  
excitation 

Atmospheric 
大气 excitation 



Chandler wobble, comparison of excitations  



Planteleev’s filtering in prograde and retrograde Chandler band 



Geodetic and geophysical excitations  

in prograde and retrograde Chandler bands 

Oceanic  海洋  
excitation 

Atmospheric 
大气 excitation 

Oceanic + Atmospheric 
excitation 

 



Conclusions 

- Chandler wobble can be extracted by different types of filtering 

- CW amplitude and phase changes observed in our epoch and over more 
than 100 years can be crucial for Chandler wobble understanding 

- spectral line of CW is splitted, what manifests its variability in time, may be 
coupled oscillations in the Earth systems are responsible for regularities 

- if 80 and 40-years quasi-periodic changes in CW amplitude are real, they 
would present in excitation (assuming stability of equation parameters) 

- modelling proves, that ~40-year changes in CW amplitude are related to 
the repetitions of ~20-year excitation and ~20-year damping epochs 

- the so-called “free” Chandler mode actually is not free, being provided by 
atmospheric and oceanic excitations with, possibly, hidden regularity  

 



Thank you for attention! 


