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Three-Dimensional Metrics as Deformations of a
Constant Curvature Metric
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Any three-dimensional metrig may be locally obtained from a constant curvature
metric, k, by a deformation like

g=0h+es®s,

where o and s are respectively a scalar and a one-form, the siga= +1 and

a functional relation betweesn and the Riemannian norm of can be arbitrarily
prescribed. The general interest of this result in geometry and physics, and the related
open problems, are stressed.
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1. INTRODUCTION

It is known, since an old result by Riemann [1], that-dimensional metric has
f =n(n—1)/2 degrees of freedothat is, it is locally equivalent to the giving of
f functions. As this feature is related to some particular choices of local charts,
which are obviously non-geometric objects [2], it seems to be generically a not
covariant property.

According to it, a two-dimensional metric hgé = 1 degrees of freedom.
In this case, however, a stronger result holds, as it is well known [3], nhamely:
any two-dimensional metrig is locally conformally flat,g = ¢ n, ¢ being the
conformaldeformation factor and; the flat metric.
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Contrarily to what the above Riemann’s general result suggests, the two-
dimensional case igtrinsic and covariant i.e. it only needs the knowledge
of the metric ¢ and only involves tensor quantities, specifically, the sole
degree of freedom is represented bysealar, the conformal deformation
factor ¢.

The question thus arises of, whether or not, for> 2 there exist similar
intrinsic and covariant local relations between an arbitrary metrion the one
hand, and the corresponding flat opéogether with a setof covariant quantities
on the other.

To our knowledge, no result of this type has been published. Indeed, the
known results concerning the diagonalization of any three-dimensional metric
[4], [5] do not belong to this type. As a matter of fact, besides the 3 scalars
and the (more or less implicit) flat metric, these resalsoinvolve a particular
orthogonal triad of vector fields. Also, in the context of the General Theory of
Relativity, such az-dimensional relation has been proposed by one of us, but
unfortunately it remains for the moment only a mere conjecture [5].

In this paper we shall answer affirmatively the three-dimensional case. This
dimension is the solution to the equatigh= n, so that one is tempted to take
(the components of) a vector field as the covariant setfof 3 quantities).

On the other hand, the result being deliberately local, it would seem that the
essentials of the flat metric in this matter is its minimal freedom, i.e. the maximal
dimension of its isometry group, so that it should be possible to substitute it
by a prescribed constant curvature metric. We shall see that both assumptions
work.

In fact, the paper is devoted to prove the following main result:

Theorem 1. Any three-dimensional Riemannian metgcmay be locally
obtained from a constant curvature metricby a deformation of the form

g=0h+esQ®s, (1)

wheres and s are respectively a scalar function and a differential 1-form; the sign
€ = £1 and a relationship¥ (o, |s|) between the scalas and the Riemannian
norm |s| may be arbitrarily prescribed.

This result should be interesting in geometrical as well as in physical situa-
tions.

In geometry, perhaps one of the first questions to be answered is the follow-
ing: In two dimensions it is known that the gauge of the conformal faetar,
equivalently, the set of flat metric tensors conformal to a given metric is given by
the solutions of the LaplacianAc = 0 [6]. In the three-dimensional case here
considered, what is the gauge of the vector fieldassociated to a given metric
g7 or, equivalenty, how many constant curvature metric tensocerrespond to
g through the relation (1)?
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But many other interesting questions arise. For instance, since the theorem
states a correspondence between a mgtrand a coupldo, s) what conditions
musto and s fulfill in order that ¢ admits a continuous group of symmetries?

In classical physics, the above theorem should be useful in (finite) deforma-
tion theory of materials; equation (1) may be considered asleal universal
deformation law allowing, from an unconstrained or not initial state (described
in material coordinates by the tensar), to reach any other deformation state
(described in the same coordinates by the terspfi7]. This ideal universal law
allows to associate, to every deformation state of a material, a vectos faalibng
those of the gauge class of the flat metric.

Ingeneralrelativity, any vacuum space-time is locally equivalent to its Cauchy
data,{g, K}, g beingthe spatial metricankl the extrinsic curvature of the initial
instant. These data have to verify tenstraint equationsa set of four equations
for which many years ago Lichnerowicz showed [8] that to every arbitrarily
given metric g it corresponds a unigue solutiofg, K} such thatg = og.

This beautiful result is however useless for precise physical situations begause,
being initially unknown, one does not see how to choose the good starting metric
£, which has to giveg by conformity. Such an objection may be eliminated using
(2) in the constraint equations. Our theorem also allows to translate notions such
as asymptotic flatness or spatial singularity in terms of the differential 1-form
over a flat metrich.

The paper is organized as follows. Sections 2 and 3 are devoted to proof the
above theorem and some examples of this result are presented in section 4.

2. FLAT DEFORMATION OF A GIVEN METRIC

Instead of proving theorem 1 as stated in the introduction, we shall prove the
following equivalent result:

Theorem 2. Let (7", g) be a Riemannia-manifold There locally exist a
functiong and a differentiall-form u such that the tensor

§=¢pg—€pn®@pu (2)

(with e = £1) is also a Riemannian metric with constant curvature. Besides, an
arbitrary relation betweer and|u|? := g%/ uip; can be imposed in advance.

The equivalence between both theorems follows immediately on substituting

h=g, o=¢t  s=¢"p

into equation (1). The present formulation (2) stresses that we seek to derive
from a giveng.
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The proof spreads over sections 2 and 3 and is based on the comparison of
the Riemannian geometries respectively defineg byndg.

We start by considering the Riemannian connexigrmdV. In an arbitrary
frame{e; }i=12.3 the expression (2) reads:

gij =g — M, with  M;j i=ep;p;j €))
We shall consider the difference tensor:
Bl =V — vi; 4)

which is symmetric:
Y
B, =B}, ()

because both connexiorls are torsion free.
Now, sinceV,g;; = Vi g;; = 0 and taking (5) into account, we easily obtain
that:

Bl = % [ox gir + i gkr — br gik — Vi Miy — Vi My + YV, Myl 7 (6)

where

W= ¢t (grj + M’j> , with mo:=g"M;; = elul?,  (7)

¢ —mo
is the inverse metric fog;;. (Indices are always raised, resp., lowered, with the
metricg'/, resp..g;;, and the notatiog’’ is reserved t@; g gY.)

2.1. The Curvature Tensors

The curvature tensor fagy is [9]
5 - j T ~j ~j
Ry = ex¥iy = evi + Vim¥ii' = VimVei = kiVmi (8)
For a 3-manifold this tensor is equivalent to the tensor (the one can be obtained
from the other)

Gij :%1 f]ikl ﬁjsr Rsrkl
=300 (e + Von Vi = Vi Vonr) (9)

wherefj’¥! is the contravariant volume tensor associateg. tbhis G/ is related
to the Einstein tensor. Indeed, in three dimensions [10]:

~ o~ o~ oo~ o~ R _ .
Ry = grkRsl + gisrk - grlRij - gserl + E (gskgrl - gxlgrk)
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whence it follows immediately thaG/ = RV — 4/ R .
Similar relations hold for the curvature tens®f,;, the metricg;; and the
volume tensor ¥,

Using equations (9) and (4), and the fact that the volume tef&érandni*!
are proportional —see appendix A— we obtain:

i .. D% .. .
GY = DZGlj + 7 nlkl njsr (Vkar + Bsz[r:z) (10)
where the relationships (36) and (37) in Appendix A:

o . detg 2

~ikl ikl
=Dy, =S _
7 7 detg ¢ —mg

have been taken into account.
The condition thag has constant curvature [11] is:

Rjirt = K (8jk&ii — &j18ik) K = constant
which in terms ofG¥/ reads:
HY7 =GV - Khi =0 (11)

2.2. The Second Bianchi Identity

In terms of the tensoG/, the second Bianchi identity [12] reads
V:G7 =0 (12)
which, using the tensaif’/ introduced above and taking into account tKais a
constant, leads to:
ViH = 0;
In terms of the connexiolW and the difference tens@i’}(, this identity can be
also written as:

ViHY + BLAY + B/ A" =0 (13)
and must be understood as follows:

Lemmal. Letg, ¢ andM;; be, respectively, a metric, a scalar function
and a symmetric tensor such thiatlefined by(3) is regular. Then the tensor field
GY(g,v, ¢, M) defined by(10) satisfies identically13).

In the next section we shall consider the condition (11) as a partial differential
system on the unknowns; and¢. The problem of solving this system is pretty
similar to solve Einstein equations in 3 dimensions.
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3. THE CAUCHY PROBLEM

Let ¥y be a surface in a 1-parameter family of surfaggsc 73, letn be
the unitg-normal vector and lefe; };=1 2.3 be ag-orthonormal tetrad adapted to
S, 1.e.,e3 =n.

We have to solve the second order partial differential system (11)@fith
given by (10). We first notice that the set of three equations:

A¥ =G¥ —ki¥ =0 j=123 (14)

do not contain second order normal derivatives of the unknowns: n&ighexM,,;
nor V3V3¢. Indeed,

2
Y, = Z v,
b=1

only involves tangential derivatives, i.e., aloag ande,. (Hereon the indices
a, b, ¢, ...runfrom 1to 2, whereas the indicgsj, k, ... runfrom1to 3.)
On the other hand, the remaining three equations:

HY :=G% — K h' =0, a,b=1,2 (15)

do contain second order normal derivatives. After a short calculation, taking (3),
(6), (7) and (10) into account, we readily obtain that eq. (15) can be written as:

2
Y = DT a3 ¢bsr (5,3 RS 3;') (6811 — e i iy — € pyji;) + P =0
(16)

where a dot means the covariant normal derivatigeand P“ does not depend
on second order normal derivatives.

We have however three equations and four unknowns, hence the problem
is, at this stage, underdetermined. We can thus introduce an arbitrary additional
relation:

W(p,mo) =0 17)
which will be hereafter referred to gauge

By successive differentiation alongs, this constraint induces other differ-
ential constraints, namely,

VaW:=W1 ¢+ o2 pl'pi; =0 (18)
VaVaW: =Wy ¢ + W2 p'ji; + Pop=0 (19)
where: W W
Yy = — and Yy 1= ——.
¢ dmo

and Py does not depend on second order normal derivatives.
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Now, the second order partial differential system

HY =0, a,b:l,Z}

V3V3¥ =0 (20)

is quasilinear and has four equations for four unknowns.
After a short calculation we obtain the characteristic determinant:

A= g—fus Wae [(0)? + (12?26 — 2mo + €(ua)?]

(26 — mo — e(u2)?] (26 — mo] (21)

Fois non-characteristic [13] k1 # 0 that, taking (38) into account (see the
Appendix) —which ensures that boghandg are nondegenerate and positive—,
reduces to:

v
Vo= #0. pa#0 and wi+ 0 (22)

As a consequence, we have shown the following result

Theorem 3. Let Y9 C 7~ be a surface ande;}i=12.3 a g-orthonormal
frame adapted t6”, and let us be given:

(a) a gaugeV¥ (¢, mp) and

(b) a set of Cauchy data:

"= Mi|yo’ ¢=0lyy M= v3"l'|'70’ ¢ = Vaplsy

(where a bar means “the value aip) such that: _
(s1) n3#0, pi+u3+#0, ¢>0 and ¢—mg>0,

#0

A
(S2) the gauge does depend a, that is, FP
A0

mo

(S3) equationg18) and(19) hold on%g, and
(S4) the subsidiary conditionsf3/ ‘y —0,j=123

We can then find a solutigw;, ¢ defined or%J a neighbourhoad of ¥ such that
fulfills (11)and(17),i.e.
Hi(¢p,n) =0, i,j=1,23 and W(p,mp) =0.
Proof: Indeed, by condition§1 and S2 above, % is hon-characteristic,
the Cauchy-Kovalevski theorem [13] can be applied and a solgtiqry of the

partial differential system (20) can be found in a neigbourhti@of % fulfilling
conditionsS1throughS4
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Now, letg;; be the metric constructed a#y by substitution of the solution
¢ andp; into (3). Let us see thaj;; has constant curvature, .1/ = 0, for
i,j =1,2,30naneigbourhood a¥y.

We have on the one hand th&f? = 0, fora, b = 1, 2, because andu;
is a solution of (20). And, on the other, the remaining three equations, namely,
H3% =0, =1,2,3, hold on¥g (conditionS4).

To prove that the latter condition propagates well to a neigbourhostpof
we separate the normal and tangential derivatives in the Bianchi identity (13) and,
taking into account that (20) holds éry, we arrive at:

2
VsHY 4+ [ebI:IbS 8 + 2By, HY + T);HY + Fg'sﬁlﬁ] + B HY + BLH* =0 (23)
b=1

The latter can be taken as a linear homogeneous partial differential system for
the unknownH3f~ which, for the Cauchy data expressed by condifdrhas the
unique solution73/ = 0 on a neigbourhoo@, of #4. Hence,

HY =0, on  U=WULNUs

andg;; has constant curvature .

It is obvious that the gauge conditioh(¢, mg) = 0 also propagates to
the neigbourhood of/y, as a consequence of the last equation in (20) and the
conditionsS3

3.1. The Subsidiary Conditions

We shall now see whether the subsidiary conditions (14) are not too
restrictive. In the adapted-orthonormal frame{e;}i—1.23 introduced at the
beginning of this section, the conditions (14) and the second of equations (18)
read:

am

. . . 2K -,
N By + 0¥ " B, By +2GY — 5k~ 0 (24)

W+ 2ol i ~ 0 (25)

where =" means that the equality holds .
The latter equations yield four relations to be fulfilled by the Cauchy data
and can be used as a partial differential systen¥/@nto determine part of the

Cauchy data, namely: andz; , in terms ofg andp; .
Making explicit the terms containing,¢ and V,g; , equations (24) and
(25) respectively yield:

AJ V¢ + AU, + 70 ~ 0 (26)
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and
20 W2 Vaf; + W Vo + Z ~ 0 @7)
whereZ andZ; depend only o andj;, their derivatives tangential t&o and

ong andz;, but not on tangential derivatives of the latter.
Furthermore, a short calculation yields:

1 T2\ . . =
Amzﬁ[@*ﬂ) 8+ =g - =2 Mé] (28)

¢ —mo ¢ —mo ¢ —mo
; € — i 6""_3 —7 ljs — 3al—'2$—n—10
AV = — | 2pT P ——— Ty g = g ——
2¢[ ¢ — o ' ¢ — i
€ g — —
"5, q'q’ Mz} (29)

whereg’ := 3.
To put the Cauchy problem for the partial differential system (26—-22en
let¥ C %o be agiven curve and = 1% ¢, € T %o, the unit vector orthogonal to
%. Assume that an adapted frame is chosehdfy, such that! = 0 andr? = 1,
then the curve is non-characteristic if, and only if, the characteristic determinant
does not vanish, i.e.:

N v D S o
Ay _EF2RET ‘1’2[2_¢3—_2m0+6ﬂ3 1 (29 —mo) 20 (30)
2¢" (¢ —mo)3

That is, if, and only if, the date, &; on.% are given such that:

(S1) W(p,mo)=0 and m; #0, i=123

v
(S2) and — #0 on%p.
omo

3.2. Summary

What we have proved so far is that for any given:

(a) surface¥ and curve? € ¥,

(b) gauge function (¢, mg) and

(c) data:p, m; ,i = 1,2,30n% and¢_ﬁ,ﬂ_i,i = 1,2, 3 0n%, such that
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the quasilinear partial differential system (26) and (27) can be integrated to

determineg andﬂ_j,j = 1, 2,3 on a surface’; (a neighbourhood o¥ on
S0)- _

Then the data , 1;, é and;l_j, i,j = 1,2, 3, on the surfacer; fulfill
the conditionsS1 throughS4 of theorem2. Hence, functiong andu; on a 3-
dimensional neighbourhoo# of 1 can be obtained such that (11) and (17) are
fulfilled.

Therefore the metrig obtained by substituting thegeand u; in equation
(2) has constant curvature.

4. TWO EXAMPLES

For the sake of illustration we shall consider two cases of 3-dimensional
Riemannian manifolds and locally deform them into flat metrics, in the sense
stated in Theorem 2. Since both cases exhibit some symmetries, the solutions will
be rather proposed than derived by solving the partial differential system presented
in sections 2 and 3.

4.1. Schwarzschild Space

The title is a shortening fahe space 3-manifold for Schwarzschild coordi-
nates in Schwarzschild spacetinide metric is:

g=k"Ydrdr+r’do®do+r?sinf0de ®dy (31)

withxe =1— 27'" in the regiornr > 2m (otherwise the metric is not Riemannian).
This metric can be deformed into a flat metric in several ways. Among others:

4.1.AChoosings = vk—I — 1dr, we readily obtain:
g=g+s®s
whereg = dr ® dr +r2d0 @ do + r2 sif 0 dp @ dy is flat.
4.1.Bltis well known that changing into the coordinate
R:%(Vﬁ—i—r—m) r:R(l—i—%)z,
the metric becomest = o g, where
o= (1+ %)4 and :=dR ® dR + R?d6 & d6 + R? sirf6de ® dg

is a flat metric.
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4.2. Kerr Space

In Boyer-Lindquist coordinates, the Kerr metric is [14]:

sin? o

pZ

A
§=—"7

p

where p? = r? + a®cog 6 and A = r? — 2mr + a°.
The stationary space 3-manifold is endowed with the Riemannian metric:

p? p2A
d="dr®dr+ p?do ®do + ———— sif0dp ® dg
A 2 mr

pc—2

2 2 2
[dt —a sin’o dga] + [a dt — (r2 + d? d@] +pK dr2+p? d6?

or, equivalently,

2 /1 A
2= i’_z (Zdr®dr+r2d9®d9—l— mrzsinzédrp@dw) (32)

in the region-2 — 2mr +a?co 6 > 0 (otherwise the metric is not Riemannian).
Similarly as in the casB above, this last expression suggests to define:
2

R:%(\/Z—l—r—m) r:R[(l—l—%)z—%]

Then (32 can be written as):

2 2 p2 qin?
. p° . a“R°sin"o ,
== ———F—d 33
8= 12 (g+ 2 omr w) (33)

whereg = dR @ dR + R?d6 ® d6 + R?sin? 6 dg ® dy, which has already the
form (1) withe = +1 and

2 sin? 6
i and s = ap do

zﬁ \/p2—2mr

5. CONCLUSION AND OUTLOOK

o

We have shown that, locally, any Riemannian 3-dimensional mgtdan
be deformed along a directiorinto a metrico / that is conformal to a metric of
constant curvature, as stated in theotem

The directions is not uniquely determined by the metg¢cand the decom-
position (1) can be achieved in an infinite number of ways. Determining more
precisely the class af ands which deform a giverg into a constant curvature
metricz will be the object of future work. Specially the case where bgtand
h, are flat.
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It is tempting to look at (1) as an equivalence relation, namely,

g1 ~ g2 if, and only if, 30 ands such thatg; = o g2 + €5 ® 5.
However, this relation is not in general transitive.

Expression (1) can also be taken as the definition of a transformation of a
metric i into a metricg, somewhat reminding of Kerr-Schild transformations
[15]. Namely, giveno € A%(7"), e = 1 ands € AL(#") we can define the
transformation:

Toes: 81— 82=Tscs[g1]l =081 +€5Qs.

which acts on Riemannian metrics on the 3-manifold It is obvious that the
identity and the inverse @f belong to this class of transformations, but the product
Tses o Ty ¢ do not in general belong to this class. One could ask however
whether this class contains some groups of transformations.

Finally, it would be interesting to extend theorem 1, or a similar result,
to a higher number of dimensions. In this sense it seems worth to pursue the
conjecture ofuniversal deformation law5], namely, any Riemannian (resp.,
semi-Riemannian) metrig can be written as:

8ap =O‘/’la/3 +MFa)LF,f);

where F,g is a 2-form,k is a flat metric andr and . are scalar functions aof .
(Actually, expression (1) is a particular case of the above conjecture fo13,
with F;; = niji s*, fori, j,k=1,2,3.

APPENDIX A. THE VOLUME TENSORS

Let us choose be g-orthonormal frame{e; };—1 > 3, such thatM;; = A 8?
83.>
From (2) we have that:

gij=¢ " (&'j +A 8?8?) , 8ij = &ij (34)
whence it follows that
detg
D> =—2=¢p"21+4 35
detg ¢7(1+ A) (3%)
Now, A is related to the invarianto := g'/ M;;. Indeed,
33 ¢
mo =g —1+A
that yieldsA = mg (¢ — mo)~1, which substituted into (35) yields:
¢2

¢ —mo (36)
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Now, Iet{&)/'}jzl,z,g be the dual basis. The contravariant volume tensorg éd
g are, respectively,

Gk = M and it = pleik

wheree!*! is the Levi-Civités symbol. From the latter it follows immediately that:
ﬁikl — Dﬂikl, (37)

Since bothg andg, are Riemannian, i.e., non-degenerate and positive, it turns
out thatp > 0 andD? > 0, which, taking (36) into account, amounts to:

¢ >0 and ¢ > mo (38)
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