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ABSTRACT. The concept of relativistic positioning system is introduced and the project
SYPOR, aiming for its application to the Galileo navigation system, is sketched.

1. INTRODUCTION

Coordinate systems are the basic pieces for the construction of reference systems and, con-
sequently, of reference frames. There is an abundant literature on them, but they are always
considered from partial points of view. This is true both, in newtonian physics as well as in
relativity. Moreover, an extended idea pretends that there is no essential differences between
newtonian and relativistic coordinate systems.

It is clear that further thought, based in larger points of view, needs to be given to this
subject. To provide incentives in this direction, I will begin here with a fairly basic presentation
of the different classes of coordinate systems admitted by both, newtonian and relativistic space-
times. This is the subject of Section 2.

Able to coincide in newtonian physics, reference systems and positioning systems are nece-
sarily disjoint objects in relativity. The notion of relativistic positioning systems, their basic
properties and their simple possibilities of construction are presented in Section 3.

The idea of the project SYPOR appear then clearly: to give to the constellation of satellites
of the future GALILEO navigation system the status of a primary relativistic positioning system
for the Earth. Points concerning this idea, and a simple version of an important control result
are briefly sketched in Section 4.

Some ideas and results on this subject come from a long collaboration with Ll. Bel, J.J.
Ferrando, J.A. Morales and A. Tarantola.

2. CAUSAL CLASSES OF COORDINATE SYSTEMS

In newtonian space-time, one uses to take coordinate systems in which one coordinate line is
generated by a clock and the other three, more or less directly related to rods, lie in the absolute
three-dimensional space at every instant. The space-time line generated by the clock, because
transverse to this space at any instant, is called time-like, and those determined by the rods,
because belonging to it, are called space-like; the corresponding coordinate systems are said of
type teee.



Figure 1: A coordinate system is usually related to a clock
and three rods.
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But coordinate systems other than the above ones may also be taken. For example, those
constituted by four separated megaphones shouting at every instant the time of a clock in a
region of the space (the gap at every point between their messages, due to the sound’s velocity,
allow to locate the point in the space-time). It can be seen that now the corresponding four
coordinate lines are time-like lines; these coordinate systems are said of type tttt.

Figure 2: Coordinate systems may also be realized by
means of four megaphones shouting at every instant the
time of a clock.
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Coordinate systems of types teee and tttt are said to belong to different causal classes'.
Thus, a simple and natural question arises: how many causal classes of coordinate systems exist
i Newtonian space-time?

The fact that this natural question has never been asked shows the above mentioned partial
character of the studies made up to now on coordinate systems, reference systems and reference
frames. The answer is here presented to information only, as a mean to emphasize the differences
between Newtonian and relativistic coordinate systems.

This answer says that there exist twelve disjoint causal classes of Newtonian coordinate sys-
tems, according to Table I. In this table, t’s and e’s denote respectively time-like and space-like
causal characters, and italic, roman and capital styles denote respectively coordinate hyper-
surfaces, coordinate lines and coordinate surfaces (or covectors, tangent vectors and planes
rspectively). A class is represented by the set {xxzax; XXXXXX;xxxx} of the causal char-
acters of the coordinate ingredients of a coordinate system. The six surfaces or planes of every
class X1X9X3X4X5Xg are subtended respectively by the four hypersurfaces 1, xs, €3, x4 in
the following order: X1 = @1 Axy , Xo=x1Ax3 , Xg=21Axy, Xy =T2Nx3, X5 =23 ATy,
Xg = x3 A\ 24.

What causal classes correspond in relativity to these twelve classes? The absolute lack of
intuition about the answer evidence the need of further thought on this subject: in relativity
there exist one hundred and ninety nine causal classes of coordinate systems (Coll and Morales,
1992, Coll 2000). They are given in Table II, where now I, 1 and L stand respectively for light-like
coordinate hypersurfaces, lines and surfaces.

On these one hundred and ninety nine different ways of locating points of our neighbour-
hood, only two have been significantly considered in the literature: the ”classical” one, {teee;
TTTEEE; teee}, and, for theoretical considerations, the "null” ones, {llee; TLLLLE;llee},
associated to some radiative problems. The reference systems belonging to all the other nine
hundred and ninety seven classes remain essentially unexplored? .

!For the notion of causal class in relativity, see (Coll and Morales, 1992).
2Reference systems with light-like coordinate lines were considered in Coll, 1985; for their causal duals, i.e.



teee ttee ttte tttt

cedl TEEEEE | TEEEEE | TEEEEE | TEEEEE
EEEEEE | EEEEEE | EEEEEE | EEEEEE

teee | TTTEEE | TTTEEE | TTTEEE | TTTEEE

TABLE I: The twelve causal classes of reference systems of Newtonian physics.

Perhaps the origin of this sort of cultural alienation is the fact that our vision of the world is,
due to many historical reasons, too polarized in the evolution point of view of the space-time. A
plausible vision, of course, but a very particular one in the set of the almost two hundred other
points of view... Our group Systemes de Référence Relativistes of the DANOF is particularly
concerned by the study of coordinate systems with potential interest in astronomy and physics,
watever be their character, usual or unusual.

3. POSITIONING SYSTEMS

One of the reasons that make coordinate systems important in practice is the fact that they
allow to situate points of a region with respect to one observer (usually located at the origin);
this function gives rise to reference systems (resp. reference frames). But another important
reason for their use is that they allow to indicate to every point its position (with respect to
them); this gives rise to positioning systems (resp. positioning frames).

In Newtonian theory, coordinate systems may be constructed in such a way that both func-
tions be simustaneously accomplished. In relativity, nevertheless, this is not possible by a sole
coordinate system. Thus, in relativity we are led to consider separately both, reference sys-
tems (resp. reference frames) and positioning systems (resp. positioning frames). We are here
interested in positioning systems.

In relativity, positioning systems are intended to have three important properties, namely
those of being generic, free and immediate.

* A relativistic positioning system is generic for a given class of space-times if the underlying
coordinate system exists in any space-time of this class. For example, cartesian systems are not
generic but for (the class of) the sole flat space-time; harmonic systems are generic for the whole
class of all space-times.

* 1t is free, or gravity-free, if their (physical) construction does not need the knowledge
(measure) of the gravitational field (space-time metric). For example, harmonic systems are not
free.

* 1t is smmediate if every point of its space-time domain may know its coordinates without
delay, in real time. For example, the inertial system constructed by an inertial observer by
means of two-way signals is not immediate.

An important epistemic result is that the set of generic, free and immediate relativistic
positioning systems constitute a little class of systems. The simplest one of the class consists of
four free falling clocks (satellites) broadcasting their proper times.

The coordinate systems associated to these positioning systems are thus such that their
coordinate hypersurfaces are constituted by the loci of equal proper time of every satellite.

with light-like coordinate hypersurfaces, see Coll 2000 and also Hehl 2001.



*so15Ayd OTISIATIE[OI JO SWIOISAS OOUAIJAT JO SASSB[O [esned 6] YL [ A 19V.L

LILLLL | 3333
LILLLL | 333
X VEX = 9 X VX = G EXVIX = 7
X v X X LILLLL | TT33
X VIX = € EXVIX = T XVIX = T
X v X X IILILL | TTT?
JIPA0 SUIMO[[0J YY) UI vX ‘€X ‘zX '1X  SI0JIIA0J .10 sddefanstadAy ¢ o) Aq LLLLLL | TTTT
A[9AD9dsaa pAjeIduds dae 9XSKIKEXZXIX SSB[I AI9Ad Jo saueld 10 sadeyins 9 dy |, Tiriii IS
LILILL TILLLL | o733
LLLLLL TLLLLL TILLLL | ®TT3
soueld 10 sddeyIns f SR S
LILLIL TIILIL TIILLL TILILL | oTTT
$10)99A Judgue) 10 saul| 9)RUIP.I00D NI[-20eds ¢ MI-IYSI] ¢ MI-own APARddsarare <= * T ' 3
LLLLLL TLLLLL ILLLLL | 933
$10399A09 10 $dEFINSIdA] ‘1 '13
LLLLLL LTLLLL | o oo
STILIL | TILIIL TILILL ILILLL FTILILL
SRPPRIEY SRR GRATRTRAT ARy
LITILL TIILIL TITILL TILILL | 99TT
FTTTIL TILIL ETTILL | FIIIIL FTLILI FLTILIL FTLTLL
SHFRRORIRY GRRRTHAT
TILILIL TTIILL ILIILL TIILLL | 8993
TIALLL HETLIL EEILIL | FTILLL TILILL FITILL TIAILL
LIILIL LILTLIL TILLLIL IITILL
FLITIL TILTLI TILILL TITILL TIIILL
TILTIL TTILLIL TITILL FIILLIL LITTILL
HTTTIL HLLTLL FILLLL TIETLL JLTILL | 99T
TILTIL FILTLL FTTILL TTITLL ETTILL
TITTIL SETLIL | EEIILL TIETIL FILTIL TITILL
HEITIL | EETTIL FFITIL | S¥EILI SEFTLL | E¥ETIL | FIETLL SETILL SEELIL EEILL | FTETIL FITILL FIEILL TIATLL
EETLIL EETITL EETILL EFTLTT | LLILLL TILLIL TILLIL TTILIL
HEEEIL | EETTEL TITITL FITTIL FETTTT FEELLL EETIEL | TTTTILL TTITIL TTTTTT FLILLL
FEETT | EETIET FATETT | FIHILL TITTLL _ FITALL FEATLL FETIET EETTEL | FTLIIL ITILLL FTTILL FTTTIL
HITHETT HIAEHL JHEHATL JSATHATH JHETIL JEETTT HJITHTL JEETIL JETTHET JETHETT ATTTTT FFILLLL FITLLL FITILL | ©999
[CECICC Y [CECICC Y HIAEHL [CECICICUEC [CICYPICICERCICICICY DY HIFILL FITETL HIITTT FIFELL FITLEE JITIIL HETTIL JI3TTTT FIILLL ITITLL
HEEIET | HYEEAT | SEEEET | HEEEAT | IEEEET | SEEEEl HEEETH | HEEETT SEEEl _ FEAATL TETTEIE FETIET HEITET | FEETIL FIETTT TIEELL TIEATL
FEEHEY | HYEEEY | HUEE | SEYEEd | E¥EEdd | SEEHEd | EYYEd | HUEGHd | SE¥YEd | I¥EEdd | SEEEEd | EYEEET H¥9Edd | HEEE] SEEEE FEEAEL FETIEE FEFEET HE¥EEd | FYEETI FIEEEl FEEIET TEEAEE
3333 333 133 113 TITT =333 °133 o113 STTT o3 °o13 SoTT o993 ®99T o999

o291 _




A
t]
Inertial ;
Observer Particle
Figure 3: The location of points by an observer using two-way i r
signals does not constitute an immediate system.
l

They are thus null hypersurfaces. According to Table II, all these coordinate systems belong
to a sole causal class, namely that of the form {llll; TTTTTT;eeee}, a very unusual one (for
them, all coordinates, like the usual time coordinate, ”flow” whatever the observer). A two
dimensional representation would have the aspect shown in figure 4.

Satellite 2

Figure 4: Two satellites broadcasting their proper time
by means of electromagnetic signals constitute a relativis-
tic positioning system

4. THE PROJECT SYPOR

All usual coordinate systems on the Earth are Newtonian. But constellations of satellites
broadcasting their proper times are, of own right, relativistic physical systems. Rather than to
flatten them directly against an approximate Newtonian model, it is better to treat conceptually
them as principal objects.

The objective of the project SYPOR? is to endow the Earth with a relativistic positioning
system. More precisely, it aims to use the constellation of satellites of the future GALILEO
navigation system as an immediate, generic, free and primary relativistic positionning system
for the Earth.

Every four neighbouring satellites of the constellation generate a local chart, the constellation
defining then the primary atlas of local charts for the surrounding area of the Earth.

Newtonian cartographic or geocentric coordinates become in the project secondary coordi-
nate systems, to be defined with respect to this primary atlas attached to the constellation.
This defining task concerns the control segment of the navigation system, which must invert its
usual reading, its function being not now to determine the position of the satellites with respect

3Presented at the CNES“appel a idées” of September 2001



to some terrestrial coordinates but to define these last ones with respect to the constellation of
satellites.

In order to complete the primary character of the constellation, one has i) to endow every
satellite with a device sending its proper time to the neighbouring satellites (autonomy of control
and internal conformation), ii) to endow at least four satellites of a device for orientation with
respect to the ICRF (autonomy of control and external orientation), and iii) to endow every
satellite of a device broadcasting over the Earth its proper coordinates, i.e. not only its proper
time, but the proper times received from the neighboring satellites (guarantee of public character,
defining completely the system and allowing authorized users to evaluate the precision of the
system at every instant).

Figure 5: The location of points by an observer using two-way signals does
not constitute an immediate system.

Finally, to close this survey, we shall present a two-dimensional simplified version of the
complete definition of the system. In the coordinate system {u,v} generated by the proper
times of the satellites U and V', any observer receives; at every instant (u,v) of its trayectory,
the coordinates (u,v’) of U and the coordinates (v,u’) of V. These sets of values up to the
instant P define, in the coordinate system {u,v}, the trayectories ®(u,v) = 0 and ¥(u,v) =0
of the satellites U and V respectively. One can then show the following result:

Theorem (Coll-Morales-Tarantola): In a two-dimensional space-time, let U and V' be two
arbitrary satellites emitting respectively their proper times u and v and their reciprocal ones u’
and v’. Let ® = 0 and W = 0 be respectively the equations of their trayectories, obtained from
the sent data. Then, in the coordinate system {u,v} so generated, the space-time metric tensor
g is given by

1
g = 5@;\Ili)du®dv.

This information is all what one can expect to know from a primary system of coordinates,
so it is complete. Observe that, in terms of these proper times u and v, the expression is
independent not only of the velocities of the satellites in their constellation (relative velocities),
but also of the velocity of the user with respect to the constellation.
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