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MOTIVATIONMOTIVATION

� Seasonal and shorter period oscillations of polar 
motion are wide band oscillations which are mostly 
driven by equatorial components of the fluid 
excitation functions.

� Wavelet based techniques enable time–frequency 
comparison between the geodetic (computed from 
pole coordinates data) and fluid excitation functions.

� Such an analysis would be very helpful for EOP 
forecasting purposes if a prediction technique used 
fluid excitation functions as input data.  



DATADATA

� Equatorial components of the effective angular momentum 
functions (AAM, OAM and HAM) from ECMWF atmospheric 
data produced by IERS Associated Product Centre Deutsches
GeoForschungsZentrum Potsdam in Jan. 1st 1989 – Dec. 31st 
2009 (Dill 2008, Dobslaw and Thomas 2007)

� IERS pole coordinates data  x, y EOPC04_IAU2000.62-now in 
1962 – 2010,http://hpiers.obspm.fr/iers/eop/eopc04_05/

Geodetic excitation functions  ψ were computed from the 
IERSC04 pole coordinates data using the time domain Wilson and 

Haubrich (1976) deconvolution formula.



x, y pole coordinates model data computed 
from fluid excitation functions
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Differential equation of polar motion:

- pole coordinates model data, 

- equatorial excitation functions (AAM, OAM, HAM) or their 
combinations (AAM+OAM, AAM+OAM+HAM)

- complex-valued Chandler frequency, 
where                           and              is the quality factor
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Approximate solution of this equation in discrete time moments can be obtained 
using the trapezoidal rule of numerical integration:



x, y pole coordinates model data computed 
from fluid excitation functions
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THE MORLET WAVELET TRANSFORM SEMBLANCE
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The wavelet transform coefficients of complex-valued signal       : 

0≠a - dilation, 
- translation
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spectra of x(t), y(t)

- cross-spectrum between x(t) andy(t)
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The spectro-temporal coherence (semblance, order=0) between the geodetic and fluid 
excitation functions: AAM, AAM+OAM and AAM+OAM+HAM
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The spectro-temporal semblance (order=3) between the geodetic and fluid 
excitation functions AAM, AAM+OAM and AAM+OAM+HAM
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The semblance (order 0, 1 and 3) between the geodetic and fluid excitation functions 
AAM, AAM+OAM and AAM+OAM+HAM
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THE WAVELET TRANSFORM POLARIZATION
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The spectro-temporal polarization functions of the geodetic and fluid AAM, 
AAM+OAM and AAM+OAM+HAM excitation functions

200

400

-1.0
-0.8
-0.6
-0.4
-0.2
-0.0
0.2
0.4
0.6
0.8
1.0

200

400

aam

geod

200

400

   
   

   
   

   
   

   
   

  p
er

io
d 

(d
ay

s)

aam+oam

1992 1994 1996 1998 2000 2002 2004 2006
years

200

400

aam+oam+ham

prograde

retrograde

),(ˆ atxxp



The spectro-temporal polarization functions of x, y IERS pole coordinates data and 
the model pole coordinates data computed  from fluid AAM, AAM+OAM and 
AAM+OAM+HAM excitation functions
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The mean polarization functions of : 
a) the geodetic (black) and fluid: AAM, AAM+OAM, AAM+OAM+HAM excitation

functions

b)    the IERS pole coordinates data (black) and the pole coordinates model data 
computed from AAM, AAM+OAM and AAM+OAM+HAM excitation functions
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Wavelet based semblance filtering

Wavelet semblance function of two discrete complex-valued signals 
is defined for scale index  j and translation index  k as

pnnttytx 2,1,...,1,0),(),( =−=

∑=∑= −

=

−

=

1

0
,,

1

0
,, )()(,)()(

n

t
kj

y
kj

n

t
kj

x
kj ttySttxS ϕϕ

























ℜ==
y

kj
x

kj

y

kj
x

kjxy
kj

SS

SS
e

,,

,,
, )cos(θϑ

θ y
kj

x
kj SS ,, ,is interpreted as the angle between

are the wavelet transform coefficients of

where:

in the complex plane

)(, tkjϕ is the discrete Shannon wavelet function
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The semblance function varies in the interval <-1,1> and shows oscillations in two time series out 
of phase (-1) and in phase (1). 



Discrete Shannon wavelet functions

For the fixed lowest frequency index , and the corresponding time translation
indices , the discrete Shannon wavelets are defined  by:
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For higher frequency indices , and corresponding time translation indices

, the discrete Shannon wavelets are defined by:
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The reconstruction formula of x(t) time series is given by:
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Semblance filtering is performed by keeping in the reconstruction formulae of both time series 

only the wavelet transform coefficients for which the semblance exceeds a
given threshold equal to 0.90 or 0.99. Other wavelet transform coefficients of both time series, 
for which the semblance was below the adopted threshold, were set to zero.
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Using semblance filtering with the discrete Shannon wavelet functions it’s 
possible to filter from both time series variations characterized by a good phase 
agreement. It enables computation of common oscillations in all possible 
frequency bandsin two complex-valued time series.
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The common oscillations in the equatorial components of geodetic (black) and AAM, OAM and HAM
excitation functions, computed using wavelet based semblance filtering (threshold = 0.9).
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The common oscillations in the equatorial components of geodetic (black) and 
AAM+OAM+HAM (brown) excitation functions, computed using wavelet based semblance 
filtering (threshold values equal to 0.90 and 0.99).
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1/1 χψ 2/2 χψ1/1 χψ 2/2 χψ1/1 χψ 2/2 χψ

0.9260.8830.9090.8300.7280.562AAM+OAM+HAM

0.9240.8680.8950.8230.7100.553AAM+OAM

0.8660.8280.8560.7730.6420.441AAM

Fluid excitation

0.990.900.00threshold

Table 1. Correlation coefficients in 1989.0-2009.0 between 
the geodetic 

2
,

1
ψψ  and fluid 

2
,

1
χχ  excitation functions, 

computed using wavelet based semblance filtering for
threshold values equal to 0.00, 0.90 and 0.99.  
 



CONCLUSIONSCONCLUSIONS

� Wavelet based techniques enable time-frequency comparison 
of the geodetic and fluid excitation functions.

� The oscillations in pole coordinates data or pole coordinates 
model data computed from fluid excitation functions with 
periods greater than ~230 days are prograde and almost 
circular. For shorter period oscillations are still prograde but 
become more elliptic, and for oscillations with periods less 
than ~35 days they become more retrograde than prograde.

� Higher order semblance function reveals that addition of 
hydrology angular momentum to the sum of atmospheric and 
oceanic ones improves the phase agreement between the 
geodetic and fluid excitation functions in the annual frequency
band. 

� The common oscillations in the geodetic and fluid excitation 
functions can be detected using wavelet based semblance 
filtering.
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The difference of spectro-temporal polarization functions between the geodetic and 
fluid AAM, AAM+OAM, AAM+OAM+HAM excitation functions
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The difference of spectro-temporal polarization functions between x, y IERS pole 
coordinates data and the model pole coordinates data computed  from fluid: AAM, 
AAM+OAM and AAM+OAM+HAM excitation functions
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The MWT frequency dependent cross-covariance functions (σ=1.0) between 
the geodetic and fluid: AAM or  AAM+OAM or AAM+OAM+HAM excitation 
functions and the corresponding frequency dependent time lag functions 
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The MWT frequency dependent cross-covariance functions (σ=0.7) between 
the geodetic and fluid: AAM or  AAM+OAM or AAM+OAM+HAM excitation 
functions and the corresponding frequency dependent time lag functions 

mabtYabtXatS
m

o
m

o
mb

xy /),(ˆ),(ˆ),(ˆ +∑ +=
+

=

50

100

150

200

-240 -120 0 120 240

time lag (days)

-200

-150

-100

-50

   
   

   
   

   
   

   
   

   
   

   
   

   
  p

er
io

d
 (

d
ay

s)

50

100

150

200

-240 -120 0 120 240

time lag (days)

-200

-150

-100

-50

50

100

150

200

-240 -120 0 120 240

time lag (days)

-200

-150

-100

-50

5.0E+010

1.0E+011

1.5E+011

2.0E+011

2.5E+011

3.0E+011

geod, aam geod, aam+oam geod, aam+oam+ham



-0.04
0.00
0.04 j= 0
arcsec

-0.04
0.00
0.04 j= 1

-0.04
0.00
0.04 j= 2

-0.04
0.00
0.04 j= 3

-0.30
0.00
0.30 j= 4

-0.04
0.00
0.04 j= 5

-0.02
0.00
0.02 j= 6

-0.01
0.00
0.01 j= 7

-0.01
0.00
0.01 j= 8

-0.01
0.00
0.01 j= 9

-0.01
0.00
0.01 j=10

40000 44000 48000 52000
MJD

-0.01
0.00
0.01 j=11

1962 2008

The DWT frequency components of x pole coordinate data

Chandler + Annual

Semiannual

longer period

shorter period



1/1 χψ 2/2 χψ1/1 χψ 2/2 χψ1/1 χψ 2/2 χψ

0.9260.8830.9090.8300.7280.562AAM+OAM+HAM

0.8570.8600.8150.8060.3020.361OAM+HAM

0.8830.8560.8660.7060.6840.440AAM+HAM

0.9240.8680.8950.8230.7100.553AAM+OAM

0.7510.5830.5850.4760.0930.114HAM

0.8160.7880.7920.7790.3130.336OAM

0.8660.8280.8560.7730.6420.441AAM

Fluid excitation

0.990.900.00threshold

Table 1. Correlation coefficients in 1989.0-2009.0 between 
the geodetic 

2
,

1
ψψ  and fluid 

2
,

1
χχ  excitation functions, 

computed using wavelet based semblance filtering for
threshold values equal to 0.00, 0.90 and 0.99.  
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The MWT spectro-temporal semblance (order=1) between the geodetic and fluid 
excitation functions AAM, AAM+OAM and AAM+OAM+HAM
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