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Reference Systems in a Few Words

Lagrangian
Theory Hamiltonian
Field Equations and Variables

Gauge Conditions: Harmonic, Standard, Painleve, Others

- Field Variables Osculating, Canonical, Computation-
induced

- Configuration Parameters

External Problem of Motion (orbit)

Boundary Conditions on
Y Internal Problem of Motion (rotation)

the Field Variables

. . * Global Coordinates (BCRS -> galaxy -> cosmology)
Solution Of_the Field e Local Coordinates (GCRS -> Earth-Moon ->observer)
Equations * Field Variables

e Initial conditions
¢ Configuration Parameters
* Method of integration

Solution of the dynamic

equations of motion
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IAU scaling rules

e Current time scales:

— Barycentric t=TCB
— Geocentric T=TCG

* Scaling of time coordinates:
—TT =F_(TCG) F, =1-L, ., =6.969...x10
~TDB=F (TCB) R =1-L, |, =1.550...x1H
e Scaling of time entails the scaling of space
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Scaling the metric or coordinates?
OooC dt® +2g,c dt dx +g,dx'dx) = 0

gOOC2 d(FBt)Z +2g,C d(Fgt )dxi * 0 dx'dx! # 0

TDB TDB

OooC” d(Fot)? +2g5¢ d (Ft)dX' +g,d (Fox )d (Fy X' )= 0

O = F2 d,; conformal transformation of the metric
(time and space coordinates @ot scaled



The metric tensor

ds’ :(—1+2—L2J+...jczdt2+ 4U2 dtdx +K1+£2j5” + ..deidxj
C C C
9\(;0 J 2Qo k 53 J
U=U,+U; u' =u’ +U'
AU, =-4nGp. AU/ =- AGp. V.
AU =0 AU = 0

1

1

Solution of these equations determine the type of the coordinates: BCRS or GCRS
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Time scaling and the metric
AU =0
U solution for external field, the ineatiterm, and the scaling te
U=Q+QX! +%Qij><i><j +%Qijkxixix'< + ...

Time trarsformation withQ # 0

-~
seculatterm =L

The scaling function Q in the metric allows to keep the time unit
the same in all reference frames. This is Sl second.
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Scaling of the spatial coordinates
AU =0
U solution for the space-space comporwithe metric

U=P+PX! +1F?jx‘xj +1LF>.,(><i><J'xk + ...
2 3"

PandR are arbitrary, B =Q,, B, =Q,-.
IAU resolutions rescale the space cooaties tdkeep the

speed of light constant: c=dx/dt=dX/dT wkh= 0.
Another way around is to introduéez 0O to the metric:

( )
| 1 . - — GM P | . 1
X' =11+—vVv +J = - Iy +..+0| —
2¢? aizé crr, & | (c“j

\ = Lg /
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Scaling of mass

Mass is re-scaled to keep the equations of motion scale
invariant. Blanchet-Damour’s definition works perfect:

M = m(1—32j—i2(2e|i +§Fﬁ|” +§F3jk| Wt j
C C

where

1(1 1 1
m=| o*|1+ Ve+M-=U. | |d3X +0O| =
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AU Resolutions and Cosmology

22-Sep-2010

The standard IAU resolutions assume

that the space-time is asymptotically
flat at infinity.

However, we live in expanding
universe, which is described by the
cosmological metric of Friedmann-
Robertson-Walker
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The solar system
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AU resolutions on reference frames are
formulated in the “tangent plane”.

This is similar to the ancient teaching of
the flat Earth (which is not dead)

Journees 2010

"Science" teaches the
Earth is rou

T, T st A
i V

Why not teach the
controversy?
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Extending the IAU Resolutions to Cosmology

Gravitational-wave astronomy of cosmological
sources in early universe

Anisotropy and polarization of cosmic
microwave background radiation

Cosmological gravitational lenses
Dynamics of interacting galaxies
Dark matter and dark energy

Cosmological effects inside the solar system
(Pioneer anomaly ? Secular increase of AU?)

Cosmological tests of gravity theories
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Mathematics to solve

* Interaction between gravity of the solar
system and cosmological expansion (Do
the orbits of the solar system objects take
part in the cosmological expansion?)

e Unambiguous separation of matter and
metric tensor to the background and
perturbed values

* Back-reaction of the perturbations on the
background expansion (non-linear effects)

22-Sep-2010 Journees 2010

14



P

GM

n= characterizes the strength of gravity inside the body
2
cL

vV (GM j“z . r Characterizes:

— (1) the speed of relative motion between the
CT bodies
(2) the strength of gravity between the bodies

(3) a wavelength of gravitational waves
22-Sep-2010 Journees 2010 15
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Post-Newtonian approximations in asymptotically-
flat space-time

The Minkowski metric The gravitational constant ‘

N

gaﬁ = f,; +Ghy) +G*h%) +

- T

The metric tensor ‘ ‘ The metric tensor perturbations

Two basic parameters:

_GM v
= c’L C
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Post-Newtonian approximations in cosmology

I ‘radius’ of the universe I I The metric tensor of the standard IAU resolutions I

N \

005 (6, X) = RZ(t)[f +GhA(t, x,R()) +G*h2(t,x,R¢)) +. ]

| | |

‘ The metric tensor ‘ I The PN metric tensor perturbations I

Three basic parameters:

GM V
> E=— g
c°L C
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Typical values of the post-
Newtonian parameters

Binary | Solar Galaxy | Cluster | Super-
pulsar | system of cluster
galaxies
10" [2¥10°1 10° | 10°® | 10°®
10° | 10* | 10° | 10*| 10
10|10 107 | 10> | 10°°
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Extension of the IAU metric to the Universe

ya,B Ehaﬁ_lfaﬁh
2
yFp=2H¢; y'¥p =0
o0 _ W 0i — w' i _ W _ ¢
- ' - ) - ’ - W - —
4 4c® 4 4c” 4 4¢c° X 2
iZ_ 1 aZ —2HJ S 24, — _ (m) (m)
29 | X TX+EH X = —4nG (Too +T; )
C
92— 292 lw-2Ha,w = = 4nG (T + Ty ) = 4H *x
C
12 —izaf w' -2Hd, w' + H*wW' =- 47GT;,,
C

(ﬁz—izafjw” -2Ho,w" = - HGT),
C
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AU resolutions and Experimental
Gravity

Standard IAU resolutions are formulated in GR
framework.

PPN formalism is a generalized framework for
testing alternative theories of gravity.

PPN is not covariant. It was formulated in a single
coordinate system BCRS (PPN reference frame)

PPN in local frames - ? Good progress (talk of Y.Xie)

22-Sep-2010 Journees 2010 20



The standard PPN:

1) Operates with a single (global) coordinate system (t,x)

2) Mixes up the scalar, vector and tensor modes

22-Sep-2010

h)OzAO:¢ =U

Mo =A=U

hy =g +U;

Journees 2010

“scalar” potential

“vector” potential

“tensor” potential
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PPN metric tensor

0t = Fg [UG XU €307 (0300, 0,05, 8.1, 8 00l 5 C o é

Problems to fix:

1. The gauge freedom of the field variables

2. Transformations from the global to local coordinates

3. Gauge-independent definition of observables
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Scalar-tensor PPN theory of reference frames
Kopeikin & Vlasov(2004); Xie & Kopeikin (2010)

Field equations for the metric and scalar fields (10+1=11)

\ 4

1 PN approximation

y

A 4

Global frame (BCRF)
(t, x)

Gauge and boundary conditions

I

| Coordinate transformation

A

\ 4

Local frame (GCRF)

A 4

A
4

(t, x) —— (u, w)

A

A 4

Matching scalar and metric fields.

(u, w)

A

A 4

A

* Residual gauge freedom

A4

A 4

Laws of conservation
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A

A 4

Translational and rotational

A 4

A

equations of motion

Journees 2010

Multipolar decomposition
(generalized DSX multipoles)
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PPN Transformations from GCRS to BCRS

'} v v
u=1t—¢ela + t-gﬂgﬁ

. (. l _ =
+ ¢ {ﬁ’+ (TI'EHE — az.-fr.xﬂ-]) RE — mf:-gﬁegfezﬂ +> F.ﬁm;eg} + O(€) . (8.6.1)
’ =1

&

. . | . o . o
w' = Ry + ¢ [(;a-’ﬂt-’; + 98 Uixg) + F'* )| Ry + ay RyRY — —apRy |+ O(eY) . (8.6.2)
ra — F
Here functions = and # are solutions of the ordinary differential equations Kopeikin & Vlasov,

Physics Reports,

. | 5 - _ Vol. 400, 209-318 (2004)
o = =g + Uixg)— ()
wm o I' 4 -n ] 2 _rl. \ } ] 2 3 } _rl. \ 0 oA
# = _E‘:'E— | vllixg) + EEB-F;(_ — Ulxp) Xle&Kopfelkln,
) E B = ] Acta Physica Slovaca,
- ( - ;) 02(xg) + 201 + 700k 0% (xg) — Dilxg) + =7 (xp) . LAV PIte)
- L — 2

while the other functions are defined as follows:

_ - | . .

#i =201+ 70 xp) — (1 + 2y U xg) — svigvg — v 0 . (8.6.5)
e 201 - I!I_'":';'k:' L 21 - '{Ff_-r‘k}l' ) - I{F k' '

':ﬁ:‘l:.llk.:l __-fk+‘—- +|I"I 4 I.-i-B.I_a—I- +".th : .-.TEJ"_LEB'!'-'B 5 t.l,_{-:l_{-"]

— el F | b — "I; =r ] =

By =Zie + 200 + pUHxg) — 2(1 + pogU-Hixg) . (122), (8.6.7)

. , _ - _ __ ;
FOE = (1 2908 08 (xp) — 201 + T (xp) + 0B 0" (8.0.8)
| |
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PPN B and y parameters as astronomical constants

_c @, 4
S=——[| gR+6()—=+A) J-gd*x
16 R* gE\,/?tJy N , matter

'

scala

=@ (1+{) 9@)=w+w2+%w'22+

GEi U :G_M
@ I
y=1- 1 g = 9; {1+(1+V)U2}
W+ 2 C
' 2
B=1+ “ g00:—1+£+ 2

42w+ 3)(w+ 2Y c’ c*
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Two facets of the fundamental speed

Speed of light Speed of gravity

e Maxwell’s electrodynamics ¢ Einstein’s gravitodynamics

 No gravity, flat e Space-time is curved, has
(Minkowskian) spacetime non-trivial affine connection

e Speed of lightis a e Speed of gravity is a
fundamental constant,c, , fundamental constant,c ,
in the Maxwell equations in the Einstein equations

Einstein’s fundamental speed postulate (not a law!) [ C 9 = C,

The postulate was tested for the first time in 2002 VLBI experiment with Jupiter

Pulsar timing is not able to make it since it measures the combination GM /cg
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Manifolds, the gauge freedom,
and fitting parameters



Observations

Theory

Statistical
Model

Computer
Model

Observations

Parameters:
Fundamental
Astrometric
Statistical

Observations

Theory

Statistical
Model

Computer
Model

Observations

Calculated
Predictions

(C)

Observations

Theory

Statistical
Model

Computer
Model

Observations
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Parameters:
Fundamental
Astrometric
Statistical

Observations

Theory

Statistical
Model

Computer
Model

Observations
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Calculated
Predictions

(C)

Observations

Observations




Fundamental parameters

e Fundamental parameters stay invariant (= keep the same
numerical value) under the change of computational
algorithm, coordinates, gauge conditions

* Measured value converges to a unique limit as
observations pProgress.
e Examples:
—C electrodynamics;
— G, ¢ general relativity;
— B,y  scalar-tensor theory;

— Gauge-invariant combinations of the post-Newtonian (post-
Keplerian in pulsar timing) parameters usually made of the
integrals of motion and/or adiabatic invariants.
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Theoretical model

 We study physical motion of celestial bodies by
making use of light rays.

* Physical motion of bodies and light are described
by solutions of the equations of motion which, in
their own turn, depend on the solutions of
equations of a field theory (= the metric, etc.)

 The physical motion is mapped onto the
coordinate-parameter manifold to make a
mathematical model of motion



Manifold is an intermediate mathematical device to handle
observations. It has no absolute value. However, it must have
an invariant sub-space of the fundamental parameters (if we do
things right).

Observations
Configuration Space
(tangent)

Orbital Parameters

(binary pulsar)
Phase space

Space-Time (cotangent)

Coordinates
R4

Manifold

Configuration Space

(tangent)
Orbital Parameters

(solar system)

Phase Space
Observations (cotangent)
Epoch 2
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Coordinates are not the fundamental parameters

Transformation matrix:

—_————
- —
- ~
.

Local Coordinates

y 0y

\.

Global Coordinates:
"\ Za:(ZO 1 2 3

Xﬂ :(XO’Xl’XZ’X3)
not unique! Y? ¥° K* ) \"\.. e

A
Transformation matriy

Local Coordinates

1Z lz 1Z )/"/

K

_ox?
i
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Locally homeomorphic t&*

Journees 2010

. -
SR e—

A

Transformation matrixQZ

ay”

AP =012
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Are space-time coordinates observable!
Radar distance does not depend on the
choice of coordinates

time

[ Event of arrival T

. . —_—
of light: (t,,%, () L space |:%c(703-701) wherer is the proper time

Event of reflection
of light: (t,.%, (t,))

Event of simultaneity
with reflection: (t2 X, (tz))

Event of emission

. ) 1. - (1= =
oflight: (1,.%, (1,)) I_E(‘Xp-Xo3‘+‘xp_XOJ)+Agrav.dela§|_A Shapiro del
Observer’s worldline:x; t( Particle’s worldline:x? {
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Configuration space of orbital parameters

is a fiber bundle manifold
Locally homeomorphic t(R* xR’ = R® .

. 1
Globally homeomorphic t®?R* x PR* x PR Fiber Spaces R3

Base Space R3
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Gauge Dependence in the Configuration Space

r=r(C,,C,,...Csit)=r (aeM ,iwQi)
or (a,e,M ,i,w,Q;t)

v=v(C,C,,...Cqit)= o
v __Gm
ot re

r=r [Cl(t),Cz(t):""CG (t);t]
r=r[C.(t),C,(t),....Colt)it] £ v

air <& or dC.
r=—+ L=v+®|[C (1),C,(1),....C.(t);t
P J_Z:lacj o [C.(1),C.(1),...Co 1)it]
:—Grl\?,/l r+F
(26 C ~
o SR A CE:
26: aV dC _ _ j=
22;5&5126"1g j dt Journees 2010

N

theunperturbed problen

S

the perturbed probler

)
9 D
}ac;°(F_ )_ac\:/.°q)
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Gauge Transformations in the Configuration Space

5O L Slemcn. . Ctr] o ooranss
= 0C, dt e @ :_O_R Hamilton

. 4G = 3 or

> af L= @|C,(t),C,(t),...C. )it @ = a function defined by
- aC dt 1 ] 2 ] 1 6 ]

= ) \ the computationatule

r[C,®),C,(t),..Co )] =1 [C,0).C, 0),..Co 1 ]
F[C.(1),C,(1),...Co )] 21| C,0).C, 0)...Cot)it

C =C, +a,[C,(1),C,(1),....Cq t)it] = a :i{c o

) aC( - )
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Pulsar Timing Example
Klioner & Kopeikin, ApJ, 427, 951-5 (1994)

Osculating Orbital Elements

r(t) =a(t) [1- &(t) cosE]
E-gt)SnE=n(t-T,) +m(t)

e EU T
2 \/1+e(t) 2

8= f +aft)

a(t) =a,|1+a,cosf +a,c08(2f ) +a,c083f )]
&) :q)[l+,81(:osf +%cos(2f)+%3oos(3f)}

at) = +k f +yan f +L2gn2f)+LBsn(3f)
) f 5 >

M(t)= G SNE+,8n f —%sin(Zf)—%?’sin(Sf)

Damour-Deruelle Orbital Elements

r(t) =a, [1-, cosU]
L = el 20t =15

2 ke 2

a,=a,+0a =g +le
6=q+lg =Rt
e =q+he, §="2

22-Sep-2010
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Conclusions

Rescaling the metric tensor seems to be more
preferable than the IAU rescaling of coordinates;

A consistent extension of the resolutions to PPN
formalism is desirable to prevent the bias in
measuring the PPN parameters;

Cosmological framework for IAU resolutions has a
solid theoretical platform;

Gauge freedom of the parameter space should be
carefully studied before “measuring” the
“relativistic effects”
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Merci!
Dziekuje!
Cnacubobo!

Thank You!
Dankeschon!
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Post-Newtonian approximations in cosmology

The Einstein tensor of the The stress-energy tensor of the
Background geometry gaﬁ background matter
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r I The stress-energy tensor of a bare
HOW \/\ perturbatlon (Isolated system,

oint-like mass, localized package
avitational waves, etc.)

NO ®

éaﬁ+5c;a& TaB+T(m) = 3G, =Ty

EQB+SGQB:TM +T</8<{—5T =T YESO
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PPN Formalism

Gravity Is not a pure geometric phenomenOther

long range fields (scalgr , vectt ,.p#re preser

PPN Field Equations:

10,5 =K (09,0, )+ T (8,9,,)+ Ty (A,9,,)

1A, =&T™ (p,v,9,,)+ T (8,9,,)

Hg = T™ (p,v,g,,)+ T (N ,9,,)




