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The rigid Barth's rotation problem of the three axial

Farth is treated in the form compatible with the General

Planetary Theory GPT (Brumberg, 1995).
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EQUATIONS OF MOTION

The kinematical and dynamical equations of the Earth’s rota-
tion in terms of Euler angles ¢, 0, ©

Wi +lwy = (—9—|—i7,bsin@) exp(—iy), w3 = o —1hcos O (1)

and

3
L;d)i — Z sijkfjijk = Mz' (’l = 1,2,3) (2)
3.hk=1

with principal inertia moments I; (I; < I,bl3 for the Earth)
and

vector w = (wqj) of the Earth’s rotation angular velocity with
components w; referred to a rotating, Earth-fixed system x’ =
(x%) oriented by means of the principal axes of inertia.

3
giji stands for the Levi-Civita symbol

(i =) = k)(k =)

Cijk —

b | =
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The torque vector M = (M;) is determined by

| i (OU U U .
M+ = | (g o0 ) - g el
oU
My = —
=5 3

with the force function U.
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Euler parameters.

u — (ulj U2, U3, ’UL;}),

8 Yy B 0 Yv—o
U = — sl — cos : U3 = — cos — sin ,
2 2 2 2
0 Yty 0 Yv-—9o
Us = SN — sin : Uy = COS — COS . 4)
2 2 2 2

Complex Euler parameters.

U=1u +1u, v =1us+ 1uy

2

i

., (.w+w) .6 (w—w)
u:—31n§exp — 1 ] ?,?:]COSieXp 1 .
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NOTATIONS

wr=80my, wo=0my, w3=1+m3),
(2 1s the mean Earth’s rotation velocity.
() = 7.292115-107° rad/s.
The dimensionless quantities m; are small
mi ~ My ~ Mg 1L

my = 2V ko m/ my = 2V k1 m)y .

_Ig=1 _ fg=1

- ky =
! 9 : 95

(= —-2n, n = const.

(6)
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EQUATIONS OF THE EARTH’ ROTATION
IN THE GPT FORM

X =iN[PX + R(X,1)] (8)

where X and R stand for 7-vectors of the variables and right-hand
members, respectively,

X = (X;) = (u, u, v, v, m', m', ms), R=(R), (i=1,2,...,7)

(9)
R; = mgu—mu, Ry =—Ry, Rs = mav+mu Ry,= —R;3,
1 1 My 1 M, _
R5=—4 k”{'*) m — ( — = ), R:—R;,,
VAR T\ L T Ve T ’

Il — I 1 A»[:}
R; = 2Vk: k. : 2
1 Ig 2n? Ig

R; being a pure imaginary quantity. N and P are 7x7 diagonal
matrices of the structure

(?_nﬂ . ?LIQ) +

N = diag(n,n,n,n,n,n,n)

P = diag(1, =1, 1, =1, —4vkiks , 4V k1 k2, 0).



el THE COMPLETE SYSTEM FOR THE PLANETARY

AND LUNAR MOTIONS AND EARTH’S ROTATION

X =iN[PX + R(X,1)], (10)

where

r (CL, a, b, b, X37,...,X43), I, = (Rl,...,R4, R37,...,R43)
(11)
are vectors with 43 components.
N and P are 43 x 43 diagonal matrices of the structure

N — dla’g(N? N? N? N? n? n) n) n) n) n? n) 7
P = diag(E(g), —E(g), E(g), —E(g), 1, —]., 1, —1, —4+/ ]{?1]{?2 5 4~/ klk‘g 5 0)

N is 9 x 9 diagonal matrix of mean motions n;,
E(g) is unitary matrices of dimension 9 x 9.

a, a, b, b are eccentric and oblique variables of the Moon and
planets.
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SECULAR SYSTEM
FOR THE PLANETS AND THE MOON

By means of Birkhoff normalization and linear transformations the
planetary and lunar system results to a secular system.

25 = W fhgZs + Nellys )y

Wy = (VeWo + 1o Us,) (12)
with
Usy = (20001 + W) = * Uptio (%)) (wymy)™,  (13)
r=l0,66=1,2...,9.
pj and v; (3 =1,2,...,9) are the eigenvalues of the matrices in

the linear parts of the secular planetary and lunar system .
This system admits the first integrals

252 = cotist, w;W; = const (14)

leading to straightforward integration.



7
SECULAR SYSTEM

FOR THE EARTH’ ROTATION

p1=1n(p1 + Fy7), (15)

p3 = in(ps + F), (16)

ps = in(—4vkiks ps + Fy), (17)
pr=1nFy3 (18)
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THE RIGHT-HAND MEMBERS OF THE SECULAR SYSTEM
FOR THE EARTH’ ROTATION

*(1 % 4+K,s s S. SG ST
U4-$-;3 — Pn(l — 5h;7) 2 Ui(la:l-j;‘f '5)(P1P2)'2(P3P4)'4(P5P6) Op7' X
9

X (wywn)™ 1L (2i7)" (wywy)™ (20)
] —

" . 4 . , ) .
UI_S_Qh) = (1 — 657)pg”gpgm6 Z * Uz(l.4[—|?;f9) ( 'Hl pj.}) (p5p6)m111{8a;86}p*%: X
g=
ax{s3—0 Sl = . .
(w500 T (2 iy, (21)

o]
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THE FIRST INTEGRALS OF THE SECULAR SYSTEM
FOR THE EARTH’ ROTATION

p1p2 + (WNWN)p3ps = Cf (22)
Ps5P6 — 02 9 (23)
Pr — Cg (24)

with real constants C;,Cy, Cs.
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PRACTICAL FORM OF THE SECULAR SYSTEM

FOR THE EARTH’ ROTATION

g =in[gG(gg, hh, z;Z;, ww;) + D(g, g, h, h, 2;Z;,
h = in[hH (gg, hh, 2Z;, wjw;) + ¥(g, g, h, h, z;Z;

f: in[fF(gg, hh, z;Z;, w;w;) + O(g, g, h, h, z;Z;, w;w;)], (27)
where
P1 =49, p3:ha p5:f:
¢G = g+U;Y | hH = h+Us"Y | fF = —avkiks F+USY | (28)

o=0;% v=0pY e=r?, (29)
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SOLUTION OF THE EARTH’ ROTATION SECULAR SYSTEM
O=V=0=0

Trigonometrical solution:

g=goexpi, h=hoexpin, [f= foexpi(,
E=nAt+&, n=not+n, (=nxt+{ (30)
with real constants gg, ho, , fo, &0, M0, (o and the frequency factors
A=G, g=J, ye=JF. (31)

By combining three frequencies n, nAA, no one can restore the fundamental
frequencies of the classical solution.

nA+no=¢, nA —no =1, (32)

The frequency x corresponds to the Euler period of the Earth’ rotation.
To evaluate the influence of &, ¥, © one may retain the form (30)
with constant A, o, x and slowly change gq, ho, X, &0, M0, Co-
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SOLUTION OF THE EARTH’ ROTATION SECULAR SYSTEM
The influence of the ¢, ¥V, © terms

i€ + 99 ' Jo = in[® + g(G — A)], (33)
i hig + hhgthe = in[¥ + h(H — o). (34)
L fo+ ffo ' fo=in® + f(F = x)]. (35)
go = nhowywy [DY sin(n — &) — gohowywnC1 2" sin(2(n — £))],
(36)
hg = —ngo [DX'sin(n — &) — gohownwyC1X" sin(2(n — £))], (37)

fo=0. (38)
D = 92§2 — hQEQ (’LUNWN)Q,

> 3" are the function of the planetary and lunar coordinates.
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NUMERICAL ESTIMATES

n = —3.15019368/d.

First integrals of Earth’ secular system:

C'; = 1.0000000000000,
Cy = .0000000000003,
C's = .0000000201237.

(39)

(40)



elo NUMERICAL ESTIMATES

The frequencies:

A = 1.0000002243152, o = 1.0000000113376,

x = —.0065689468461 . (41)

n(A+o) = —6.3003881023519/d , n(A—o) = —.0000006709206/d ,
nyx = .0206934548388. (42)
Our results in ¢ and ¥ coincide with the SMARTI7 solution up

to 1077/d.

The values of g(()o), h((,o)} fé"), &(}0), 77((}0), C((,O) (for the epoch J2000):

o = —0.20310924, A = 70.7495 9950,

£ = 0000005780662 (43)
£ = —2.4474155174197, 7\¥ = 2.5467010955442,,
¢§” = —.0313831496370 (44)

Six constants g(()m, h(()o), fé“), 5(()0), 77(()0), cé(” are arbitrary constants
of the trigonometrical solution of the Earth’ rotation secular system.
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CONCLUSION

The technigue of this paper allows to
construct a general theory of motion and
rotation of the solar system bodies.






ik BIRKHOFF NORMALIZATION

X =Y +I(Y,t) (12)

Y = (a,a,b,b,Ys,...,Yis)

Y =iN[PY + F(Y,t)]. (13)
U=R—-NTyNU*, (14)
I +i(TyNPY —NPI) =iNUT, (15)

U=U"+U", F =", (16)



